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Fall 2020



Announcements

• Discussion session this week


• Reading week next week


• Midterm when you come back from reading week


• I’ve posted a practice midterm, on eClass



Moving to Approximation

• Our goal remains the same, as in Course 1 and Course 2


• But now we cannot represent value functions perfectly 


• because the space is too big


• Course 3 is about how to extend our algorithm to approximate value functions



G

Imagine a huge state space



G

Imagine a huge state space
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(1,1)

Imagine a continuous state space
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Figure 9.10: The mountain–car task (upper left panel) and the cost-to-go function
(� maxa q̂(s, a,✓)) learned during one run.

The reward in this problem is �1 on all time steps until the car moves past its goal
position at the top of the mountain, which ends the episode. There are three possible
actions: full throttle forward (+1), full throttle reverse (�1), and zero throttle (0).
The car moves according to a simplified physics. Its position, pt, and velocity, ṗt,
are updated by

pt+1
.
= bound

⇥
pt + ṗt+1

⇤

ṗt+1
.
= bound

⇥
ṗt + 0.001At � 0.0025 cos(3pt)

⇤
,

where the bound operation enforces �1.2  pt+1  0.5 and �0.07  ṗt+1  0.07.
When pt+1 reached the left bound, ṗt+1 was reset to zero. When it reached the
right bound, the goal was reached and the episode was terminated. Each episode
started from a random position and velocity uniformly chosen from these ranges. To
convert the two continuous state variables to binary features, we used gridtilings as
in Figure 9.5. We used ten 9 ⇥ 9 tilings, each o↵set by a random fraction of a tile
width.

The Sarsa algorithm in Figure 9.8 (using replace traces and the optional clearing)
readily solved this task, learning a near optimal policy within 100 episodes. Fig-
ure 9.10 shows the negative of the value function (the cost-to-go function) learned
on one run, using the parameters � = 0.9, " = 0, and ↵ = 0.05 (e.g., 0.5

m
). The initial

action values were all zero, which was optimistic (all true values are negative in this
task), causing extensive exploration to occur even though the exploration parameter,
", was 0. This can be seen in the middle-top panel of the figure, labeled “Step 428.”
At this time not even one episode had been completed, but the car has oscillated
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width.

The Sarsa algorithm in Figure 9.8 (using replace traces and the optional clearing)
readily solved this task, learning a near optimal policy within 100 episodes. Fig-
ure 9.10 shows the negative of the value function (the cost-to-go function) learned
on one run, using the parameters � = 0.9, " = 0, and ↵ = 0.05 (e.g., 0.5

m
). The initial

action values were all zero, which was optimistic (all true values are negative in this
task), causing extensive exploration to occur even though the exploration parameter,
", was 0. This can be seen in the middle-top panel of the figure, labeled “Step 428.”
At this time not even one episode had been completed, but the car has oscillated

Another continuous state domain



Video 1: Moving to  
Parameterized Functions

• Using parameterized functions to represent value functions. From tables of values 
to more general functions over states 

• Goals:


• Understand how we can use parameterized functions to approximate values.


• Explain linear value function approximation.


• Recognize that the tabular case is a special case of linear value function 
approximation


• Understand that there are many ways to parameterize an approximate value function.



V (s) ⇡ v⇡(s) ⇡ v̂(s,w)
.
= w>x(s)

.
=

nX

i=1

wi · xi(s)
d

inner product

transpose ith components



V (s) ⇡ v⇡(s) ⇡ v̂(s,w)
.
= w>x(s)

.
=

nX

i=1

wi · xi(s)
d

inner product

transpose ith components



V (s) ⇡ v⇡(s) ⇡ v̂(s,w)
.
= w>x(s)

.
=

nX

i=1

wi · xi(s)
d

inner product

transpose ith components



V (s) ⇡ v⇡(s) ⇡ v̂(s,w)
.
= w>x(s)

.
=

nX

i=1

wi · xi(s)
d

inner product

transpose ith components

parameter
vector

w 2 Rn, e.g., w =

2

66666666664

2.1
0.01
�1.1
1.2
�0.1
0.01
4.93
0.5

3

77777777775

d



V (s) ⇡ v⇡(s) ⇡ v̂(s,w)
.
= w>x(s)

.
=

nX

i=1

wi · xi(s)
d

inner product

transpose ith components

parameter
vector

w 2 Rn, e.g., w =

2

66666666664

2.1
0.01
�1.1
1.2
�0.1
0.01
4.93
0.5

3

77777777775

d



V (s) ⇡ v⇡(s) ⇡ v̂(s,w)
.
= w>x(s)

.
=

nX

i=1

wi · xi(s)
d

inner product

transpose ith components

feature
vector

, x(s) =

2

66666666664

0
1
0
1
0
0
0
1

3

77777777775
parameter

vector

w 2 Rn, e.g., w =

2

66666666664

2.1
0.01
�1.1
1.2
�0.1
0.01
4.93
0.5

3

77777777775

d



V (s) ⇡ v⇡(s) ⇡ v̂(s,w)
.
= w>x(s)

.
=

nX

i=1

wi · xi(s)
d

inner product

transpose ith components

feature
vector

, x(s) =

2

66666666664

0
1
0
1
0
0
0
1

3

77777777775

, x : S ! Rnd

parameter
vector

w 2 Rn, e.g., w =

2

66666666664

2.1
0.01
�1.1
1.2
�0.1
0.01
4.93
0.5

3

77777777775

d



V (s) ⇡ v⇡(s) ⇡ v̂(s,w)
.
= w>x(s)

.
=

nX

i=1

wi · xi(s)
d

inner product

transpose ith components

feature
vector

, x(s) =

2

66666666664

0
1
0
1
0
0
0
1

3

77777777775

, x : S ! Rnd

parameter
vector

w 2 Rn, e.g., w =

2

66666666664

2.1
0.01
�1.1
1.2
�0.1
0.01
4.93
0.5

3

77777777775

d



V (s) ⇡ v⇡(s) ⇡ v̂(s,w)
.
= w>x(s)

.
=

nX

i=1

wi · xi(s)
d

inner product

transpose ith components

feature
vector

, x(s) =

2

66666666664

0
1
0
1
0
0
0
1

3

77777777775

, x : S ! Rnd

parameter
vector

w 2 Rn, e.g., w =

2

66666666664

2.1
0.01
�1.1
1.2
�0.1
0.01
4.93
0.5

3

77777777775

d



V (s) ⇡ v⇡(s) ⇡ v̂(s,w)
.
= w>x(s)

.
=

nX

i=1

wi · xi(s)
d

inner product

transpose ith components

= 1.71

feature
vector

, x(s) =

2

66666666664

0
1
0
1
0
0
0
1

3

77777777775

, x : S ! Rnd

parameter
vector

w 2 Rn, e.g., w =

2

66666666664

2.1
0.01
�1.1
1.2
�0.1
0.01
4.93
0.5

3

77777777775

d



G

1 2 3

4 5 6

7 8

Let's look at a simple state aggregation
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agent was somewhere in the top middle?
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(1,1)
= (.8, .8)

What would the feature vector be if the 
agent was at this point?
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• R = +1 per step 

• episodic, gamma = 1


• agent starts in the top left corner


• π = shortest path policy


• what should                 look like?
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What might the final estimate of the value 
function look like with this state aggregation?
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• episodic, gamma = 1


• agent starts in the top left corner


• π = shortest path policy
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What might the final estimate of the value 
function look like with this state aggregation?



• R = +1 per step 

• episodic, gamma = 1


• agent starts in the top left corner


• π = shortest path policy


• what should                 look like?
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What might the final estimate of the value 
function look like with this state aggregation?



Video 2: Generalization and 
Discrimination

• A key concept in machine learning. We cannot learn all the values separately (in fact 
we wouldn't want to), so we have to make choices.


• Goals:


• Understand what is meant by generalization and discrimination


• Understand how generalization can be beneficial


• Explain why we want both generalization and discrimination from our function 
approximation



G

Exercise: Is there any issue with this state aggregation? 
Can we represent the optimal action-value function?



Video 3: Framing Value Estimation as 
Supervised Learning

• If we can setup the problem of learning a value function (policy evaluation) as a 
supervised learning problem, then we can borrow methods from supervised learning 
to do reinforcement learning with function approximation.


• Goals:


• Understand how value estimation can be framed as a supervised learning problem


• Recognize that not all function approximation methods are well suited for 
reinforcement learning.



Video 4: Value Error

• We want to change the parameters of our function to estimate the value. We need 
an objective function!


• Goals:


• Understand the mean-squared value error objective for policy evaluation 

• Explain the role of the state distribution in the objective
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Video 5: Introducing Gradient Descent

• An algorithm for adapting the parameters of our estimate of the value function.  

• Goals:


• Understand the idea of gradient descent


• Understand that gradient descent converges to stationary points



Question

• Why do we care about finding 
stationary points? i.e., point w 
where the gradient is zero



Question
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Video 6: Gradient Monte Carlo for  
Policy Evaluation

• We use gradient descent idea to get an online algorithm to adjust the parameters of 
our value function estimate 

• Goals:


• Understand how to use gradient descent and stochastic gradient descent to 
minimize value error


• Outline the gradient Monte Carlo algorithm for value estimation



Video 7: State Aggregation with  
Monte Carlo

• So far we have said the value function could be any parametric function. Here we 
use a particular one---state aggregation. Simple and effective. And we run an 
experiment on a big Random Walk Problem 

• Goals:


• Understand how state aggregation can be used to approximate the value function


• Apply Gradient Monte-Carlo with state aggregation



Video 8: Semi-gradient TD for  
Policy Evaluation

• TD with function approximation. Now we can learn value functions, in continuous 
state spaces AND update the value function parameters on every time-step!!


• Goals:


• Understand the TD-update for function approximation


• Outline the Semi-gradient TD algorithm for value estimation.



Question: What is different compared to Tabular TD(0)?
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Video 9: Comparing TD and MC  
with State Aggregation

• An experiment comparing TD and MC with a simple function approximation.


• Goals:


• Understand that TD converges to biased value estimates


• Understand that TD can learn faster than Gradient Monte Carlo.



Video 10: The Linear TD Algorithm
• Linear function functions are special. Most of the theory in RL is for the case of 

linear function approximation. The algorithms can work well, if we have good 
features. 


• Goals:


• Derive the TD-update with linear function approximation


• Understand that tabular TD is a special case of linear semi-gradient TD


• Understand why we care about linear TD as a special case.



Video 11: The True Objective for TD

• A bit of theory about TD with function approximation. What does the algorithm 
converge to?


• Goals:


• Understand the fixed point of linear TD


• Describe a theoretical guarantee on the mean squared value error at the TD fixed 
point



What might the μ (proportion of time the agent spends 
in each state) look like with this state aggregation?

• R = +1 per step 
• episodic, gamma = 1

• agent starts in the top left corner

• π = shortest path policy
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μ(s) Impacts how we update
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μ(s) Impacts how we update

[vπ(s) − ̂v(s, w)]2
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The usual recipe for gradient descent
1. Specify a function approximation architecture (parametric form of value 

function)


2. Write down your objective function


3. Take the derivative of objective function with respect to the weights


4. Simplify general gradient expression for your parametric form


5. Make a weight update rule:


• w = w - ⍺ gradient

lets try out the recipe

gradient descent
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1. Specify a function approximation architecture 
(parametric form of value function)

• We will use State Aggregation

• so the features are always binary with only a single active feature that is not zero

• the value function is a linear function

• that is, we query the value function by a simple procedure:

1. query the features for the current state

2. take the inner product between the features and the weights

V (s) ⇡ v⇡(s) ⇡ v̂(s,w)
.
= w>x(s)

.
=

nX

i=1

wi · xi(s)
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2. Write down your objective function

• We will use the value error

V E(w)
.
=

X

s2S
µ(s)[v⇡(s)� v̂(s,w)]2
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2. Write down your objective function

• We will use the value error

V E(w)
.
=

X

s2S
µ(s)[v⇡(s)� v̂(s,w)]2
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=
X

s2S
µ(s)[v⇡(s)�wTx(s)]2
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2. Write down your objective function

• We will use the value error

V E(w)
.
=

X

s2S
µ(s)[v⇡(s)� v̂(s,w)]2
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3. Take the gradient of objective function with 
respect to the weights



∇∑
s∈𝒮

μ(s)[vπ(s) − wTx(s)]2rV E(w) =
<latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit>

3. Take the gradient of objective function with 
respect to the weights



∇∑
s∈𝒮

μ(s)[vπ(s) − wTx(s)]2rV E(w) =
<latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit>

= ∑
s∈𝒮

μ(s)∇[vπ(s) − wTx(s)]2

3. Take the gradient of objective function with 
respect to the weights



∇∑
s∈𝒮

μ(s)[vπ(s) − wTx(s)]2rV E(w) =
<latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit>

= ∑
s∈𝒮

μ(s)∇[vπ(s) − wTx(s)]2

= − ∑
s∈𝒮

μ(s)2[vπ(s) − wTx(s)]∇wTx(s)

3. Take the gradient of objective function with 
respect to the weights



4. Simplify the general gradient expression to be 
specific for your parametric form

∇wTx(s) = x(s)

The gradient of the inner product is just x



4. Simplify general gradient ...

∇∑
s∈𝒮

μ(s)[vπ(s) − wTx(s)]2rV E(w) =
<latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit>

= ∑
s∈𝒮

μ(s)∇[vπ(s) − wTx(s)]2

= − ∑
s∈𝒮

μ(s)2[vπ(s) − wTx(s)]∇wTx(s)

= − ∑
s∈𝒮

μ(s)2[vπ(s) − wTx(s)]x(s)



4. Simplify general gradient ...

∇∑
s∈𝒮

μ(s)[vπ(s) − wTx(s)]2rV E(w) =
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gradient of 
linear value function 

approximation (state agg.)
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Let's replace vπ with something we do have! 
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Let's call it's replacement Ut



Whatever we use in place of vπ, it should satisfy 
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Let's replace vπ with something we do have! 

Let's call it's replacement Ut

vπ(s) = 𝔼[Ut]
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Whatever we use in place of vπ, it should satisfy 
one criteria!

We know one such replacement, that meets this 
criteria!

vπ(s) = 𝔼[Ut]

Ut ≐ Gt

A sample of the return!!



Since we are using sample returns we have a 
Monte Carlo algorithm!

wt+1 = wt + α[Gt − wTx(s)]x(s)



Since we are using sample returns we have a 
Monte Carlo algorithm!

Monte Carlo Policy Evaluation for finding vπ

wt+1 = wt + α[Gt − wTx(s)]x(s)



Exercise Question

• Why can’t we directly optimize the MSVE? We know the stochastic gradient descent 
update would be the following


• Further, why doesn’t the TD fixed point minimize the MSVE?

min
w∈ℝd ∑

s

μ(s)[vπ(s) − ̂v(s, w)]2

wt + α[vπ(St) − ̂v(St, w)]∇ ̂v(St, w)


