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• Link for questions: 


• http://www.tricider.com/brainstorming/3D4V06mUv2V

http://www.tricider.com/brainstorming/3D4V06mUv2V


Imagine a continuous state 
space

G

(1,1)



Let's look at a simple state 
aggregation
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What would the feature vector be if the 
agent was somewhere in the bottom left?
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What would the feature vector be if the 
agent was somewhere in the top middle?
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What would the feature vector be if the 
agent was in the middle?



How about here?
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Or here?
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(1,1)
= (.8, .8)

x(0.8,0.8) = x(s) = x(     ) = 
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What would the feature vector be if the 
agent was at this point?



Or here?
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x(0.1,0.45) = x(s) = x(     ) = 
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What might the final estimate of the value 
function look like with this state aggregation?

• R = +1 per step 

• episodic, gamma = 1


• agent starts in the top left corner


• π = shortest path policy


• what should                 look like?
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v̂(s,w)
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What might the μ (proportion of time the agent spends 
in each state) look like with this state aggregation?

• R = +1 per step 
• episodic, gamma = 1

• agent starts in the top left corner

• π = shortest path policy
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[vπ(s) − ̂v(s, w)]2

The fraction of 
time we spend in    
when following 
policy

s
π

μ(s)

Mean Squared 
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μ(s) Impacts how we update

[vπ(s) − ̂v(s, w)]2

The fraction of 
time we spend in    
when following 
policy

s
π
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Mean Squared 
Value Error
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The usual recipe for gradient descent
1. Specify a function approximation architecture (parametric form of value 

function)


2. Write down your objective function


3. Take the derivative of objective function with respect to the weights


4. Simplify general gradient expression for your parametric form


5. Make a weight update rule:


• w = w - ⍺ gradient

lets try out the recipe

gradient descent



1. Specify a function approximation architecture 
(parametric form of value function)

• We will use State Aggregation 

• so the features are always binary with only a single active feature that is not zero


• the value function is a linear function


• that is, we query the value function by a simple procedure:


1. query the features for the current state


2. take the inner product between the features and the weights

V (s) ⇡ v⇡(s) ⇡ v̂(s,w)
.
= w>x(s)

.
=

nX

i=1

wi · xi(s)



2. Write down your objective function

• We will use the value error

V E(w)
.
=

X

s2S
µ(s)[v⇡(s)� v̂(s,w)]2
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X
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µ(s)[v⇡(s)�wTx(s)]2
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state 
aggregation



3. Take the gradient of objective function with 
respect to the weights

∇∑
s∈𝒮

μ(s)[vπ(s) − wTx(s)]2rV E(w) =
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μ(s)[vπ(s) − wTx(s)]2rV E(w) =
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= ∑
s∈𝒮

μ(s)∇[vπ(s) − wTx(s)]2

= − ∑
s∈𝒮

μ(s)2[vπ(s) − wTx(s)]∇wTx(s)

3. Take the gradient of objective function with 
respect to the weights



4. Simplify the general gradient expression to be 
specific for your parametric form

∇wTx(s) = x(s)

The gradient of the inner product is just x



4. Simplify general gradient ...

∇∑
s∈𝒮

μ(s)[vπ(s) − wTx(s)]2rV E(w) =
<latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit>

= ∑
s∈𝒮

μ(s)∇[vπ(s) − wTx(s)]2

= − ∑
s∈𝒮

μ(s)2[vπ(s) − wTx(s)]∇wTx(s)

= − ∑
s∈𝒮

μ(s)2[vπ(s) − wTx(s)]x(s)

gradient of 
linear value function 

approximation (state agg.)



5. Make weight update rule: w = w - ⍺ gradient

rV E(w) =
<latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit><latexit sha1_base64="grpqqUhQ0MwOaj15lYHjkkWR8oU=">AAACCHicbVDNS8MwHE39nPOr6tGDwSHMy2hF0IswFMHjBPcBaxlplm5haVKSVBmlRy/+K148KOLVP8Gb/43p1oNuPgg83nu/JL8XxIwq7Tjf1sLi0vLKammtvL6xubVt7+y2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPA7PY6JH6EBpyHFSBupZx94HAUMQU+YVH5J2rrOqqkXhPAhO4YXPbvi1JwJ4DxxC1IBBRo9+8vrC5xEhGvMkFJd14m1nyKpKWYkK3uJIjHCIzQgXUM5iojy08kiGTwySh+GQprDNZyovydSFCk1jgKTjJAeqlkvF//zuokOz/2U8jjRhOPpQ2HCoBYwbwX2qSRYs7EhCEtq/grxEEmEtemubEpwZ1eeJ62TmuvU3NvTSv2yqKME9sEhqAIXnIE6uAEN0AQYPIJn8ArerCfrxXq3PqbRBauY2QN/YH3+AKPemQ8=</latexit>

= − ∑
s∈𝒮

μ(s)2[vπ(s) − wTx(s)]x(s)

wt+1 = wt + α2[vπ(s) − wTx(s)]x(s)

wt+1 = wt + α[vπ(s) − wTx(s)]x(s)



Wait, Wait, Wait!! We don't have vπ

wt+1 = wt + α[vπ(s) − wTx(s)]x(s)

Let's replace it with something we do have!



Whatever we use in place of vπ, it should satisfy 
one criteria!

wt+1 = wt + α[vπ(s) − wTx(s)]x(s)

Let's replace vπ with something we do have! 

Let's call it's replacement Ut

vπ(s) = 𝔼[Ut]



Whatever we use in place of vπ, it should satisfy 
one criteria!

We know one such replacement, that meets this 
criteria!

vπ(s) = 𝔼[Ut]

Ut ≐ Gt

A sample of the return!!



Since we are using sample returns we have a 
Monte Carlo algorithm!

Monte Carlo Policy Evaluation for finding vπ

wt+1 = wt + α[Gt − wTx(s)]x(s)


