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CMPUT 397


Fall 2019



Reminders: Sept 9, 2019
• Schedule updated on github pages (https://marthawhite.github.io/rlcourse/

schedule.html)


• Practice Quiz and Discussion Question due tomorrow (participation marks)


• Graded Notebook due on Friday


• Usually: Practice Quiz and Discussion Question due on Sunday and Graded 
Notebook due on Friday:


• Exception this week to make up for class starting on Wednesday


• Exception for Graded Quizzes and Graded Peer Review

https://marthawhite.github.io/rlcourse/schedule.html
https://marthawhite.github.io/rlcourse/schedule.html


Practice Quiz participation marks

• 10 marks in total, with 11 weeks of Practice Quizzes


• You have to complete the quiz and submit a discussion question to get the 1%


• You get 1 mulligan (i.e., you can miss one and still get the full 10%)



Modeling random outcomes

• Imagine you would like to model stochastic outcomes (or dynamics), such as the 
outcome of a dice role


• We need to define:


• the possible set of outcomes (e.g., 1, 2, 3, 4, 5, 6)


• the probability of each outcome (e.g., 1/6 for each)



Random Variable

• (Informally) A random variable X is a variable with stochastic values


• Depends on underlying random phenomena 


• Examples: 


• X = the outcome of a dice roll


• X = the temperature tomorrow



Probability Mass Function
• Outcome space (or sample space) is {1, 2, 3, 4, 5, 6}


• p(x) = 1/6 for all x in {1, 2, 3, 4, 5, 6} 


• Sometimes we write: P(X = x) = 1/6
1 2 3 4 5 6

x

p(x) 1/6

X =
• Random Variable: A variable that can take one of many 

possible values.


• Sample space: The set of possible values for a random 
variable.

X =
• Random Variable: A variable that can take one of many 

possible values.


• Sample space: The set of possible values for a random 
variable.



NotationAnatomy of Probability 
Notation

P(X = x)
The name of the 
random variable

Probability!

One of the elements in 
the sample space for X

"The probability that the random 
variable 'X' takes the value 'x'"

P(X = x ∣ Y = y) "The probability that the random 
variable 'X' takes the value 'x', 
given that the random variable 

'Y' has taken the value 'y'"

One of the elements in 
the sample space for Y

The name of another 
random variable



Another PMF
• Outcome space is {1, 2, 3, 4, 5, 6}


• What does this PMF say?

1 2 3 4 5 6

x

p(x) 1/6



Properties of the PMF

1. p : X ! [0, 1]

i.e., 0  p(x)  1

2.
X

x2X
p(x) = 1

<latexit sha1_base64="r5C8NIGzk1QENDpEevWFU+KhuPY="></latexit>

e.g., X = {1, 2, 3, 4, 5, 6}
<latexit sha1_base64="MFeleL+UWY6iwnMrWVNIoFYHRbo="></latexit>



Expectation and Variance

• The Expected Value is defined as


• The Variance is defined as

E[X] =
X

x2X
p(x)x

<latexit sha1_base64="ulYGupi2V7rhambsCO4vLACA/WM=">AAACGHicbVDLSsNAFJ3UV62vqks3g0Wom5pUQTdCUQSXFewDklAm00k7dDIJMxNpCfkMN/6KGxeKuO3Ov3GaZqGtBy4czrmXe+/xIkalMs1vo7Cyura+UdwsbW3v7O6V9w/aMowFJi0cslB0PSQJo5y0FFWMdCNBUOAx0vFGtzO/80SEpCF/VJOIuAEacOpTjJSWeuUzJ0Bq6HnJXWp3XXgNHRkHvWQMHcph5mHEkm6awqg6PoXjXrli1swMcJlYOamAHM1eeer0QxwHhCvMkJS2ZUbKTZBQFDOSlpxYkgjhERoQW1OOAiLdJHsshSda6UM/FLq4gpn6eyJBgZSTwNOds1PlojcT//PsWPlXbkJ5FCvC8XyRHzOoQjhLCfapIFixiSYIC6pvhXiIBMJKZ1nSIViLLy+Tdr1mndfqDxeVxk0eRxEcgWNQBRa4BA1wD5qgBTB4Bq/gHXwYL8ab8Wl8zVsLRj5zCP7AmP4Ap4Cfgw==</latexit>

V[X] = E[(X � E[X])2]

=
X

x2X
p(x)(x� E[X])2

<latexit sha1_base64="unLIuuVCNicvNAXgzTvc8d8H5rA="></latexit>



Back to the dice example
• The expected value of a dice roll with 1/6 probability for each outcome is 3.5


• The variance is 


• Exercise: Imagine you can manufacture the dice to give biased probabilities.      
Then what probability values would give a lower variance outcome?                    
How about a higher variance outcome?

6X

x=1

p(x)(x� E[X])2 =
1

6

6X

x=1

(x� 3.5)2

=
17.5

6
⇡ 2.92

<latexit sha1_base64="CLRdsh/fsnOzeYQDr2l1pgg34MQ="></latexit>



Another example

• Imagine that you are a medical doctor, prescribing treatments to patients


• You give the treatment for many patients and note the outcome (X = treatment 
outcome). You find that you have the following probabilities:


• But that’s pretty stochastic…

p(x) =

8
<

:

0.2 if x is Bad
0.5 if x is Neutral
0.3 if x is Good.

<latexit sha1_base64="8rHmFSUBDbkDsoiFQte4qfOYIt8="></latexit>



How can we make this less stochastic?

• What if we knew something about the patient? 


• What information could help?



Conditional Probabilities
• X = outcome of treatment


• Y = age of the patient


• P(X = Good | Y = 22) is a different value than P(X = Good | Y = 78)

Anatomy of Probability 
Notation

P(X = x)
The name of the 
random variable

Probability!

One of the elements in 
the sample space for X

"The probability that the random 
variable 'X' takes the value 'x'"

P(X = x ∣ Y = y) "The probability that the random 
variable 'X' takes the value 'x', 
given that the random variable 

'Y' has taken the value 'y'"

One of the elements in 
the sample space for Y

The name of another 
random variable



Conditional Probability

Pencil Delivery!

P (Pencils in stock | Tuesday) = 0.2
<latexit sha1_base64="coPyE27GoYHRfjeSPtMkmzcbYOo=">AAACHXicbVC7SgNBFJ31GeMramkzGITYhF0JaCMEbSwj5AVJCLOzNzpkdnaZuSuGJT9i46/YWChiYSP+jZNkC008MHA4517unOPHUhh03W9naXlldW09t5Hf3Nre2S3s7TdNlGgODR7JSLd9ZkAKBQ0UKKEda2ChL6HlD68mfusetBGRquMohl7IbpUYCM7QSv1CpVbqIjxgWgPFhTRUKGow4sMx7YYioDOznoAJ2Gh8Qi+oWz7tF4pu2Z2CLhIvI0WSodYvfHaDiCchKOSSGdPx3Bh7KdMouIRxvpsYiBkfslvoWKpYCKaXTtON6bFVAjqItH0K6VT9vZGy0JhR6NvJkOGdmfcm4n9eJ8HBeS8VKk7Qhp8dGiSSYkQnVdFAaOAoR5YwroX9K+V3TDOOttC8LcGbj7xImqdlzy17N5Vi9TKrI0cOyREpEY+ckSq5JjXSIJw8kmfySt6cJ+fFeXc+ZqNLTrZzQP7A+foBO9mhUQ==</latexit><latexit sha1_base64="coPyE27GoYHRfjeSPtMkmzcbYOo=">AAACHXicbVC7SgNBFJ31GeMramkzGITYhF0JaCMEbSwj5AVJCLOzNzpkdnaZuSuGJT9i46/YWChiYSP+jZNkC008MHA4517unOPHUhh03W9naXlldW09t5Hf3Nre2S3s7TdNlGgODR7JSLd9ZkAKBQ0UKKEda2ChL6HlD68mfusetBGRquMohl7IbpUYCM7QSv1CpVbqIjxgWgPFhTRUKGow4sMx7YYioDOznoAJ2Gh8Qi+oWz7tF4pu2Z2CLhIvI0WSodYvfHaDiCchKOSSGdPx3Bh7KdMouIRxvpsYiBkfslvoWKpYCKaXTtON6bFVAjqItH0K6VT9vZGy0JhR6NvJkOGdmfcm4n9eJ8HBeS8VKk7Qhp8dGiSSYkQnVdFAaOAoR5YwroX9K+V3TDOOttC8LcGbj7xImqdlzy17N5Vi9TKrI0cOyREpEY+ckSq5JjXSIJw8kmfySt6cJ+fFeXc+ZqNLTrZzQP7A+foBO9mhUQ==</latexit><latexit sha1_base64="coPyE27GoYHRfjeSPtMkmzcbYOo=">AAACHXicbVC7SgNBFJ31GeMramkzGITYhF0JaCMEbSwj5AVJCLOzNzpkdnaZuSuGJT9i46/YWChiYSP+jZNkC008MHA4517unOPHUhh03W9naXlldW09t5Hf3Nre2S3s7TdNlGgODR7JSLd9ZkAKBQ0UKKEda2ChL6HlD68mfusetBGRquMohl7IbpUYCM7QSv1CpVbqIjxgWgPFhTRUKGow4sMx7YYioDOznoAJ2Gh8Qi+oWz7tF4pu2Z2CLhIvI0WSodYvfHaDiCchKOSSGdPx3Bh7KdMouIRxvpsYiBkfslvoWKpYCKaXTtON6bFVAjqItH0K6VT9vZGy0JhR6NvJkOGdmfcm4n9eJ8HBeS8VKk7Qhp8dGiSSYkQnVdFAaOAoR5YwroX9K+V3TDOOttC8LcGbj7xImqdlzy17N5Vi9TKrI0cOyREpEY+ckSq5JjXSIJw8kmfySt6cJ+fFeXc+ZqNLTrZzQP7A+foBO9mhUQ==</latexit><latexit sha1_base64="coPyE27GoYHRfjeSPtMkmzcbYOo=">AAACHXicbVC7SgNBFJ31GeMramkzGITYhF0JaCMEbSwj5AVJCLOzNzpkdnaZuSuGJT9i46/YWChiYSP+jZNkC008MHA4517unOPHUhh03W9naXlldW09t5Hf3Nre2S3s7TdNlGgODR7JSLd9ZkAKBQ0UKKEda2ChL6HlD68mfusetBGRquMohl7IbpUYCM7QSv1CpVbqIjxgWgPFhTRUKGow4sMx7YYioDOznoAJ2Gh8Qi+oWz7tF4pu2Z2CLhIvI0WSodYvfHaDiCchKOSSGdPx3Bh7KdMouIRxvpsYiBkfslvoWKpYCKaXTtON6bFVAjqItH0K6VT9vZGy0JhR6NvJkOGdmfcm4n9eJ8HBeS8VKk7Qhp8dGiSSYkQnVdFAaOAoR5YwroX9K+V3TDOOttC8LcGbj7xImqdlzy17N5Vi9TKrI0cOyREpEY+ckSq5JjXSIJw8kmfySt6cJ+fFeXc+ZqNLTrZzQP7A+foBO9mhUQ==</latexit>

P (Pencils in stock | Wednesday) = 1.0
<latexit sha1_base64="B5rb90ij+ijpRb7+4Ur6BCfkRMY=">AAACH3icbVDLSgMxFM3UV62vqks3wSLUTZkRUTdC0Y3LCvYBbSmZzG0bmskMyR2xDP0TN/6KGxeKiLv+jeljoa0HAodz7uXmHD+WwqDrjp3Myura+kZ2M7e1vbO7l98/qJko0RyqPJKRbvjMgBQKqihQQiPWwEJfQt0f3E78+iNoIyL1gMMY2iHrKdEVnKGVOvmLSrGF8IRpBRQX0lChqMGID0a0FYqAzsw6BApMwIajU3pNvZLbyRfckjsFXSbenBTIHJVO/rsVRDwJQSGXzJim58bYTplGwSWMcq3EQMz4gPWgaaliIZh2Os03oidWCWg30vYppFP190bKQmOGoW8nQ4Z9s+hNxP+8ZoLdq3YqVJygjT871E0kxYhOyqKB0MBRDi1hXAv7V8r7TDOOttKcLcFbjLxMamclzy159+eF8s28jiw5IsekSDxyScrkjlRIlXDyTF7JO/lwXpw359P5mo1mnPnOIfkDZ/wD18aiKQ==</latexit><latexit sha1_base64="B5rb90ij+ijpRb7+4Ur6BCfkRMY=">AAACH3icbVDLSgMxFM3UV62vqks3wSLUTZkRUTdC0Y3LCvYBbSmZzG0bmskMyR2xDP0TN/6KGxeKiLv+jeljoa0HAodz7uXmHD+WwqDrjp3Myura+kZ2M7e1vbO7l98/qJko0RyqPJKRbvjMgBQKqihQQiPWwEJfQt0f3E78+iNoIyL1gMMY2iHrKdEVnKGVOvmLSrGF8IRpBRQX0lChqMGID0a0FYqAzsw6BApMwIajU3pNvZLbyRfckjsFXSbenBTIHJVO/rsVRDwJQSGXzJim58bYTplGwSWMcq3EQMz4gPWgaaliIZh2Os03oidWCWg30vYppFP190bKQmOGoW8nQ4Z9s+hNxP+8ZoLdq3YqVJygjT871E0kxYhOyqKB0MBRDi1hXAv7V8r7TDOOttKcLcFbjLxMamclzy159+eF8s28jiw5IsekSDxyScrkjlRIlXDyTF7JO/lwXpw359P5mo1mnPnOIfkDZ/wD18aiKQ==</latexit><latexit sha1_base64="B5rb90ij+ijpRb7+4Ur6BCfkRMY=">AAACH3icbVDLSgMxFM3UV62vqks3wSLUTZkRUTdC0Y3LCvYBbSmZzG0bmskMyR2xDP0TN/6KGxeKiLv+jeljoa0HAodz7uXmHD+WwqDrjp3Myura+kZ2M7e1vbO7l98/qJko0RyqPJKRbvjMgBQKqihQQiPWwEJfQt0f3E78+iNoIyL1gMMY2iHrKdEVnKGVOvmLSrGF8IRpBRQX0lChqMGID0a0FYqAzsw6BApMwIajU3pNvZLbyRfckjsFXSbenBTIHJVO/rsVRDwJQSGXzJim58bYTplGwSWMcq3EQMz4gPWgaaliIZh2Os03oidWCWg30vYppFP190bKQmOGoW8nQ4Z9s+hNxP+8ZoLdq3YqVJygjT871E0kxYhOyqKB0MBRDi1hXAv7V8r7TDOOttKcLcFbjLxMamclzy159+eF8s28jiw5IsekSDxyScrkjlRIlXDyTF7JO/lwXpw359P5mo1mnPnOIfkDZ/wD18aiKQ==</latexit><latexit sha1_base64="B5rb90ij+ijpRb7+4Ur6BCfkRMY=">AAACH3icbVDLSgMxFM3UV62vqks3wSLUTZkRUTdC0Y3LCvYBbSmZzG0bmskMyR2xDP0TN/6KGxeKiLv+jeljoa0HAodz7uXmHD+WwqDrjp3Myura+kZ2M7e1vbO7l98/qJko0RyqPJKRbvjMgBQKqihQQiPWwEJfQt0f3E78+iNoIyL1gMMY2iHrKdEVnKGVOvmLSrGF8IRpBRQX0lChqMGID0a0FYqAzsw6BApMwIajU3pNvZLbyRfckjsFXSbenBTIHJVO/rsVRDwJQSGXzJim58bYTplGwSWMcq3EQMz4gPWgaaliIZh2Os03oidWCWg30vYppFP190bKQmOGoW8nQ4Z9s+hNxP+8ZoLdq3YqVJygjT871E0kxYhOyqKB0MBRDi1hXAv7V8r7TDOOttKcLcFbjLxMamclzy159+eF8s28jiw5IsekSDxyScrkjlRIlXDyTF7JO/lwXpw359P5mo1mnPnOIfkDZ/wD18aiKQ==</latexit>

• Sometimes the value of a random variable is affected by 
the value of a different, known random variable.


• A store restocks on Wednesday, so the probability that 
they have pencils in stock depends on the day of the 
week

"if" statement of probability

Another example of                 
conditional probabilities

• Often the value of a random variable is dependent on or correlated with another 
random variable 


• Example: A store restocks on Wednesday, so the probability that they have pencils 
in stock depends on the day of the week



Same rules for conditional probabilities 
as for unconditioned probabilities

1. p(·|Y = y) : X ! [0, 1]

2.
X

x2X
p(x|Y = y) = 1

<latexit sha1_base64="YEa1lcqimM7L1u3UAdIShOD4zc8="></latexit>

Conditional Probability

• The same rules that apply to normal probabilities also 
apply to conditional probabilities


• If                                                       , then                                       
e


• They must also be at least 0: 

P (Pencils in stock | Tuesday) = 0.2
<latexit sha1_base64="coPyE27GoYHRfjeSPtMkmzcbYOo=">AAACHXicbVC7SgNBFJ31GeMramkzGITYhF0JaCMEbSwj5AVJCLOzNzpkdnaZuSuGJT9i46/YWChiYSP+jZNkC008MHA4517unOPHUhh03W9naXlldW09t5Hf3Nre2S3s7TdNlGgODR7JSLd9ZkAKBQ0UKKEda2ChL6HlD68mfusetBGRquMohl7IbpUYCM7QSv1CpVbqIjxgWgPFhTRUKGow4sMx7YYioDOznoAJ2Gh8Qi+oWz7tF4pu2Z2CLhIvI0WSodYvfHaDiCchKOSSGdPx3Bh7KdMouIRxvpsYiBkfslvoWKpYCKaXTtON6bFVAjqItH0K6VT9vZGy0JhR6NvJkOGdmfcm4n9eJ8HBeS8VKk7Qhp8dGiSSYkQnVdFAaOAoR5YwroX9K+V3TDOOttC8LcGbj7xImqdlzy17N5Vi9TKrI0cOyREpEY+ckSq5JjXSIJw8kmfySt6cJ+fFeXc+ZqNLTrZzQP7A+foBO9mhUQ==</latexit><latexit sha1_base64="coPyE27GoYHRfjeSPtMkmzcbYOo=">AAACHXicbVC7SgNBFJ31GeMramkzGITYhF0JaCMEbSwj5AVJCLOzNzpkdnaZuSuGJT9i46/YWChiYSP+jZNkC008MHA4517unOPHUhh03W9naXlldW09t5Hf3Nre2S3s7TdNlGgODR7JSLd9ZkAKBQ0UKKEda2ChL6HlD68mfusetBGRquMohl7IbpUYCM7QSv1CpVbqIjxgWgPFhTRUKGow4sMx7YYioDOznoAJ2Gh8Qi+oWz7tF4pu2Z2CLhIvI0WSodYvfHaDiCchKOSSGdPx3Bh7KdMouIRxvpsYiBkfslvoWKpYCKaXTtON6bFVAjqItH0K6VT9vZGy0JhR6NvJkOGdmfcm4n9eJ8HBeS8VKk7Qhp8dGiSSYkQnVdFAaOAoR5YwroX9K+V3TDOOttC8LcGbj7xImqdlzy17N5Vi9TKrI0cOyREpEY+ckSq5JjXSIJw8kmfySt6cJ+fFeXc+ZqNLTrZzQP7A+foBO9mhUQ==</latexit><latexit sha1_base64="coPyE27GoYHRfjeSPtMkmzcbYOo=">AAACHXicbVC7SgNBFJ31GeMramkzGITYhF0JaCMEbSwj5AVJCLOzNzpkdnaZuSuGJT9i46/YWChiYSP+jZNkC008MHA4517unOPHUhh03W9naXlldW09t5Hf3Nre2S3s7TdNlGgODR7JSLd9ZkAKBQ0UKKEda2ChL6HlD68mfusetBGRquMohl7IbpUYCM7QSv1CpVbqIjxgWgPFhTRUKGow4sMx7YYioDOznoAJ2Gh8Qi+oWz7tF4pu2Z2CLhIvI0WSodYvfHaDiCchKOSSGdPx3Bh7KdMouIRxvpsYiBkfslvoWKpYCKaXTtON6bFVAjqItH0K6VT9vZGy0JhR6NvJkOGdmfcm4n9eJ8HBeS8VKk7Qhp8dGiSSYkQnVdFAaOAoR5YwroX9K+V3TDOOttC8LcGbj7xImqdlzy17N5Vi9TKrI0cOyREpEY+ckSq5JjXSIJw8kmfySt6cJ+fFeXc+ZqNLTrZzQP7A+foBO9mhUQ==</latexit><latexit sha1_base64="coPyE27GoYHRfjeSPtMkmzcbYOo=">AAACHXicbVC7SgNBFJ31GeMramkzGITYhF0JaCMEbSwj5AVJCLOzNzpkdnaZuSuGJT9i46/YWChiYSP+jZNkC008MHA4517unOPHUhh03W9naXlldW09t5Hf3Nre2S3s7TdNlGgODR7JSLd9ZkAKBQ0UKKEda2ChL6HlD68mfusetBGRquMohl7IbpUYCM7QSv1CpVbqIjxgWgPFhTRUKGow4sMx7YYioDOznoAJ2Gh8Qi+oWz7tF4pu2Z2CLhIvI0WSodYvfHaDiCchKOSSGdPx3Bh7KdMouIRxvpsYiBkfslvoWKpYCKaXTtON6bFVAjqItH0K6VT9vZGy0JhR6NvJkOGdmfcm4n9eJ8HBeS8VKk7Qhp8dGiSSYkQnVdFAaOAoR5YwroX9K+V3TDOOttC8LcGbj7xImqdlzy17N5Vi9TKrI0cOyREpEY+ckSq5JjXSIJw8kmfySt6cJ+fFeXc+ZqNLTrZzQP7A+foBO9mhUQ==</latexit>

P (Pencils NOT in stock | Tuesday) = 0.8
<latexit sha1_base64="aHnRU1NHJ3HvJidtVDks2mGWyVQ=">AAACIXicbVBNS8NAFNz4bf2KevSyWIR6KYkI9iIUvXjSCq0KbSmbzasu3WzC7osYQv+KF/+KFw+KeBP/jNs2B7UOLAwz83j7JkikMOh5n87M7Nz8wuLScmlldW19w93cujJxqjm0eCxjfRMwA1IoaKFACTeJBhYFEq6DwenIv74HbUSsmpgl0I3YrRJ9wRlaqefWGpUOwgPmDVBcSEPPL5pUKGow5oMh7UQipJNAMwUTsmy4T4+pV6313LJX9cag08QvSJkUaPTcj04Y8zQChVwyY9q+l2A3ZxoFlzAsdVIDCeMDdgttSxWLwHTz8YVDumeVkPZjbZ9COlZ/TuQsMiaLApuMGN6Zv95I/M9rp9ivdXOhkhRtAZNF/VRSjOmoLhoKDRxlZgnjWti/Un7HNONoSy3ZEvy/J0+Tq4Oq71X9y8Ny/aSoY4nskF1SIT45InVyRhqkRTh5JM/klbw5T86L8+58TKIzTjGzTX7B+foGuMuikA==</latexit><latexit sha1_base64="aHnRU1NHJ3HvJidtVDks2mGWyVQ=">AAACIXicbVBNS8NAFNz4bf2KevSyWIR6KYkI9iIUvXjSCq0KbSmbzasu3WzC7osYQv+KF/+KFw+KeBP/jNs2B7UOLAwz83j7JkikMOh5n87M7Nz8wuLScmlldW19w93cujJxqjm0eCxjfRMwA1IoaKFACTeJBhYFEq6DwenIv74HbUSsmpgl0I3YrRJ9wRlaqefWGpUOwgPmDVBcSEPPL5pUKGow5oMh7UQipJNAMwUTsmy4T4+pV6313LJX9cag08QvSJkUaPTcj04Y8zQChVwyY9q+l2A3ZxoFlzAsdVIDCeMDdgttSxWLwHTz8YVDumeVkPZjbZ9COlZ/TuQsMiaLApuMGN6Zv95I/M9rp9ivdXOhkhRtAZNF/VRSjOmoLhoKDRxlZgnjWti/Un7HNONoSy3ZEvy/J0+Tq4Oq71X9y8Ny/aSoY4nskF1SIT45InVyRhqkRTh5JM/klbw5T86L8+58TKIzTjGzTX7B+foGuMuikA==</latexit><latexit sha1_base64="aHnRU1NHJ3HvJidtVDks2mGWyVQ=">AAACIXicbVBNS8NAFNz4bf2KevSyWIR6KYkI9iIUvXjSCq0KbSmbzasu3WzC7osYQv+KF/+KFw+KeBP/jNs2B7UOLAwz83j7JkikMOh5n87M7Nz8wuLScmlldW19w93cujJxqjm0eCxjfRMwA1IoaKFACTeJBhYFEq6DwenIv74HbUSsmpgl0I3YrRJ9wRlaqefWGpUOwgPmDVBcSEPPL5pUKGow5oMh7UQipJNAMwUTsmy4T4+pV6313LJX9cag08QvSJkUaPTcj04Y8zQChVwyY9q+l2A3ZxoFlzAsdVIDCeMDdgttSxWLwHTz8YVDumeVkPZjbZ9COlZ/TuQsMiaLApuMGN6Zv95I/M9rp9ivdXOhkhRtAZNF/VRSjOmoLhoKDRxlZgnjWti/Un7HNONoSy3ZEvy/J0+Tq4Oq71X9y8Ny/aSoY4nskF1SIT45InVyRhqkRTh5JM/klbw5T86L8+58TKIzTjGzTX7B+foGuMuikA==</latexit><latexit sha1_base64="aHnRU1NHJ3HvJidtVDks2mGWyVQ=">AAACIXicbVBNS8NAFNz4bf2KevSyWIR6KYkI9iIUvXjSCq0KbSmbzasu3WzC7osYQv+KF/+KFw+KeBP/jNs2B7UOLAwz83j7JkikMOh5n87M7Nz8wuLScmlldW19w93cujJxqjm0eCxjfRMwA1IoaKFACTeJBhYFEq6DwenIv74HbUSsmpgl0I3YrRJ9wRlaqefWGpUOwgPmDVBcSEPPL5pUKGow5oMh7UQipJNAMwUTsmy4T4+pV6313LJX9cag08QvSJkUaPTcj04Y8zQChVwyY9q+l2A3ZxoFlzAsdVIDCeMDdgttSxWLwHTz8YVDumeVkPZjbZ9COlZ/TuQsMiaLApuMGN6Zv95I/M9rp9ivdXOhkhRtAZNF/VRSjOmoLhoKDRxlZgnjWti/Un7HNONoSy3ZEvy/J0+Tq4Oq71X9y8Ny/aSoY4nskF1SIT45InVyRhqkRTh5JM/klbw5T86L8+58TKIzTjGzTX7B+foGuMuikA==</latexit>

P (Wednesday | Tuesday) = 0
<latexit sha1_base64="9axx8JDiOqFlAvWLlaOVTIBdzro=">AAACFHicbZC7SgNBFIZnvcZ4i1raDAYhIoRdEbQRgjaWEXKDJITZ2ZNkyOzsMnNWDEsewsZXsbFQxNbCzrdxcik08YeBn++cw5nz+7EUBl3321laXlldW89sZDe3tnd2c3v7NRMlmkOVRzLSDZ8ZkEJBFQVKaMQaWOhLqPuDm3G9fg/aiEhVcBhDO2Q9JbqCM7SokzstF1oID5jWIVBgAjYc0VYoAjqllWTKTugVdTu5vFt0J6KLxpuZPJmp3Ml9tYKIJyEo5JIZ0/TcGNsp0yi4hFG2lRiIGR+wHjStVSwE004nR43osSUB7UbaPoV0Qn9PpCw0Zhj6tjNk2DfztTH8r9ZMsHvZToWKEwTFp4u6iaQY0XFCNBAaOMqhNYxrYf9KeZ9pxtHmmLUhePMnL5raWdFzi97deb50PYsjQw7JESkQj1yQErklZVIlnDySZ/JK3pwn58V5dz6mrUvObOaA/JHz+QMheZ4y</latexit><latexit sha1_base64="9axx8JDiOqFlAvWLlaOVTIBdzro=">AAACFHicbZC7SgNBFIZnvcZ4i1raDAYhIoRdEbQRgjaWEXKDJITZ2ZNkyOzsMnNWDEsewsZXsbFQxNbCzrdxcik08YeBn++cw5nz+7EUBl3321laXlldW89sZDe3tnd2c3v7NRMlmkOVRzLSDZ8ZkEJBFQVKaMQaWOhLqPuDm3G9fg/aiEhVcBhDO2Q9JbqCM7SokzstF1oID5jWIVBgAjYc0VYoAjqllWTKTugVdTu5vFt0J6KLxpuZPJmp3Ml9tYKIJyEo5JIZ0/TcGNsp0yi4hFG2lRiIGR+wHjStVSwE004nR43osSUB7UbaPoV0Qn9PpCw0Zhj6tjNk2DfztTH8r9ZMsHvZToWKEwTFp4u6iaQY0XFCNBAaOMqhNYxrYf9KeZ9pxtHmmLUhePMnL5raWdFzi97deb50PYsjQw7JESkQj1yQErklZVIlnDySZ/JK3pwn58V5dz6mrUvObOaA/JHz+QMheZ4y</latexit><latexit sha1_base64="9axx8JDiOqFlAvWLlaOVTIBdzro=">AAACFHicbZC7SgNBFIZnvcZ4i1raDAYhIoRdEbQRgjaWEXKDJITZ2ZNkyOzsMnNWDEsewsZXsbFQxNbCzrdxcik08YeBn++cw5nz+7EUBl3321laXlldW89sZDe3tnd2c3v7NRMlmkOVRzLSDZ8ZkEJBFQVKaMQaWOhLqPuDm3G9fg/aiEhVcBhDO2Q9JbqCM7SokzstF1oID5jWIVBgAjYc0VYoAjqllWTKTugVdTu5vFt0J6KLxpuZPJmp3Ml9tYKIJyEo5JIZ0/TcGNsp0yi4hFG2lRiIGR+wHjStVSwE004nR43osSUB7UbaPoV0Qn9PpCw0Zhj6tjNk2DfztTH8r9ZMsHvZToWKEwTFp4u6iaQY0XFCNBAaOMqhNYxrYf9KeZ9pxtHmmLUhePMnL5raWdFzi97deb50PYsjQw7JESkQj1yQErklZVIlnDySZ/JK3pwn58V5dz6mrUvObOaA/JHz+QMheZ4y</latexit><latexit sha1_base64="9axx8JDiOqFlAvWLlaOVTIBdzro=">AAACFHicbZC7SgNBFIZnvcZ4i1raDAYhIoRdEbQRgjaWEXKDJITZ2ZNkyOzsMnNWDEsewsZXsbFQxNbCzrdxcik08YeBn++cw5nz+7EUBl3321laXlldW89sZDe3tnd2c3v7NRMlmkOVRzLSDZ8ZkEJBFQVKaMQaWOhLqPuDm3G9fg/aiEhVcBhDO2Q9JbqCM7SokzstF1oID5jWIVBgAjYc0VYoAjqllWTKTugVdTu5vFt0J6KLxpuZPJmp3Ml9tYKIJyEo5JIZ0/TcGNsp0yi4hFG2lRiIGR+wHjStVSwE004nR43osSUB7UbaPoV0Qn9PpCw0Zhj6tjNk2DfztTH8r9ZMsHvZToWKEwTFp4u6iaQY0XFCNBAaOMqhNYxrYf9KeZ9pxtHmmLUhePMnL5raWdFzi97deb50PYsjQw7JESkQj1yQErklZVIlnDySZ/JK3pwn58V5dz6mrUvObOaA/JHz+QMheZ4y</latexit>

e.g.



Independence and                  
Conditional Independence

• X and Y are independent if and only if p(x, y) = p(x) p(y)


• equivalently, if p(x | y) = p(x)


• recall: p(x, y) = p(x | y) p(y)     


• X and Y are conditionally independent, given Z = z, if and only if                              
p(x, y | z) = p(x | z) p(y | z)


• Exercise: Show that this definition means E[X | Y = y] = E[X] if X and Y are 
independent



Exercise 1
Exercises: Conditional 

Probability

• e


• You flip a coin and get two heads in a row. What is the 
probability that your third coin flip also results in heads?


• You roll two standard dice. One of the die shows a 3. 
What is the probability that the sum of the dice is greater 
than 7?

Find P (X = 3 | X = 3) and P (X = 9 | X = 4).
<latexit sha1_base64="Zt/mkcpSn+TYkSM+CCeRDL+h48U=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTNaUBdCURBxVcE+oC0lk0nb0ExmSO6IZeg/ufFHXAjiQhG3/oNpO2JtPRA4nHMuN/e4oeAabPvFmptfWFxaTq2kV9fWNzYzW9sVHUSKsjINRKBqLtFMcMnKwEGwWqgY8V3Bqm7vYuhX75jSPJC30A9Z0ycdyducEjBSK3PdAHYP8SWXHh7gUq6Gz/ARbvjcwyN6gMcBTCYCp7+Bwk8gP2hlsnbeHgHPEichWZSg1Mo8NbyARj6TQAXRuu7YITRjooBTwQbpRqRZSGiPdFjdUEl8ppvx6OYB3jeKh9uBMk8CHqmTEzHxte77rkn6BLp62huK/3n1CNonzZjLMAIm6XhROxIYAjwsEHtcMQqibwihipu/YtolilAwNadNCc70ybOkcph37LxzU8gWz5M6UmgX7aEcctAxKqIrVEJlRNEDekZv6N16tF6tD+tzHJ2zkpkd9AfW1zcNY6Wx</latexit><latexit sha1_base64="Zt/mkcpSn+TYkSM+CCeRDL+h48U=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTNaUBdCURBxVcE+oC0lk0nb0ExmSO6IZeg/ufFHXAjiQhG3/oNpO2JtPRA4nHMuN/e4oeAabPvFmptfWFxaTq2kV9fWNzYzW9sVHUSKsjINRKBqLtFMcMnKwEGwWqgY8V3Bqm7vYuhX75jSPJC30A9Z0ycdyducEjBSK3PdAHYP8SWXHh7gUq6Gz/ARbvjcwyN6gMcBTCYCp7+Bwk8gP2hlsnbeHgHPEichWZSg1Mo8NbyARj6TQAXRuu7YITRjooBTwQbpRqRZSGiPdFjdUEl8ppvx6OYB3jeKh9uBMk8CHqmTEzHxte77rkn6BLp62huK/3n1CNonzZjLMAIm6XhROxIYAjwsEHtcMQqibwihipu/YtolilAwNadNCc70ybOkcph37LxzU8gWz5M6UmgX7aEcctAxKqIrVEJlRNEDekZv6N16tF6tD+tzHJ2zkpkd9AfW1zcNY6Wx</latexit><latexit sha1_base64="Zt/mkcpSn+TYkSM+CCeRDL+h48U=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTNaUBdCURBxVcE+oC0lk0nb0ExmSO6IZeg/ufFHXAjiQhG3/oNpO2JtPRA4nHMuN/e4oeAabPvFmptfWFxaTq2kV9fWNzYzW9sVHUSKsjINRKBqLtFMcMnKwEGwWqgY8V3Bqm7vYuhX75jSPJC30A9Z0ycdyducEjBSK3PdAHYP8SWXHh7gUq6Gz/ARbvjcwyN6gMcBTCYCp7+Bwk8gP2hlsnbeHgHPEichWZSg1Mo8NbyARj6TQAXRuu7YITRjooBTwQbpRqRZSGiPdFjdUEl8ppvx6OYB3jeKh9uBMk8CHqmTEzHxte77rkn6BLp62huK/3n1CNonzZjLMAIm6XhROxIYAjwsEHtcMQqibwihipu/YtolilAwNadNCc70ybOkcph37LxzU8gWz5M6UmgX7aEcctAxKqIrVEJlRNEDekZv6N16tF6tD+tzHJ2zkpkd9AfW1zcNY6Wx</latexit><latexit sha1_base64="Zt/mkcpSn+TYkSM+CCeRDL+h48U=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTNaUBdCURBxVcE+oC0lk0nb0ExmSO6IZeg/ufFHXAjiQhG3/oNpO2JtPRA4nHMuN/e4oeAabPvFmptfWFxaTq2kV9fWNzYzW9sVHUSKsjINRKBqLtFMcMnKwEGwWqgY8V3Bqm7vYuhX75jSPJC30A9Z0ycdyducEjBSK3PdAHYP8SWXHh7gUq6Gz/ARbvjcwyN6gMcBTCYCp7+Bwk8gP2hlsnbeHgHPEichWZSg1Mo8NbyARj6TQAXRuu7YITRjooBTwQbpRqRZSGiPdFjdUEl8ppvx6OYB3jeKh9uBMk8CHqmTEzHxte77rkn6BLp62huK/3n1CNonzZjLMAIm6XhROxIYAjwsEHtcMQqibwihipu/YtolilAwNadNCc70ybOkcph37LxzU8gWz5M6UmgX7aEcctAxKqIrVEJlRNEDekZv6N16tF6tD+tzHJ2zkpkd9AfW1zcNY6Wx</latexit>



Exercise 2
• e


• You flip a coin and get two heads in a row. What is the 
probability that your third coin flip also results in heads?


• You roll two standard dice. One of the die shows a 3. 
What is the probability that the sum of the dice is greater 
than 7?

Exercises: Conditional 
Probability

Find P (X = 3 | X = 3) and P (X = 9 | X = 4).
<latexit sha1_base64="Zt/mkcpSn+TYkSM+CCeRDL+h48U=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTNaUBdCURBxVcE+oC0lk0nb0ExmSO6IZeg/ufFHXAjiQhG3/oNpO2JtPRA4nHMuN/e4oeAabPvFmptfWFxaTq2kV9fWNzYzW9sVHUSKsjINRKBqLtFMcMnKwEGwWqgY8V3Bqm7vYuhX75jSPJC30A9Z0ycdyducEjBSK3PdAHYP8SWXHh7gUq6Gz/ARbvjcwyN6gMcBTCYCp7+Bwk8gP2hlsnbeHgHPEichWZSg1Mo8NbyARj6TQAXRuu7YITRjooBTwQbpRqRZSGiPdFjdUEl8ppvx6OYB3jeKh9uBMk8CHqmTEzHxte77rkn6BLp62huK/3n1CNonzZjLMAIm6XhROxIYAjwsEHtcMQqibwihipu/YtolilAwNadNCc70ybOkcph37LxzU8gWz5M6UmgX7aEcctAxKqIrVEJlRNEDekZv6N16tF6tD+tzHJ2zkpkd9AfW1zcNY6Wx</latexit><latexit sha1_base64="Zt/mkcpSn+TYkSM+CCeRDL+h48U=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTNaUBdCURBxVcE+oC0lk0nb0ExmSO6IZeg/ufFHXAjiQhG3/oNpO2JtPRA4nHMuN/e4oeAabPvFmptfWFxaTq2kV9fWNzYzW9sVHUSKsjINRKBqLtFMcMnKwEGwWqgY8V3Bqm7vYuhX75jSPJC30A9Z0ycdyducEjBSK3PdAHYP8SWXHh7gUq6Gz/ARbvjcwyN6gMcBTCYCp7+Bwk8gP2hlsnbeHgHPEichWZSg1Mo8NbyARj6TQAXRuu7YITRjooBTwQbpRqRZSGiPdFjdUEl8ppvx6OYB3jeKh9uBMk8CHqmTEzHxte77rkn6BLp62huK/3n1CNonzZjLMAIm6XhROxIYAjwsEHtcMQqibwihipu/YtolilAwNadNCc70ybOkcph37LxzU8gWz5M6UmgX7aEcctAxKqIrVEJlRNEDekZv6N16tF6tD+tzHJ2zkpkd9AfW1zcNY6Wx</latexit><latexit sha1_base64="Zt/mkcpSn+TYkSM+CCeRDL+h48U=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTNaUBdCURBxVcE+oC0lk0nb0ExmSO6IZeg/ufFHXAjiQhG3/oNpO2JtPRA4nHMuN/e4oeAabPvFmptfWFxaTq2kV9fWNzYzW9sVHUSKsjINRKBqLtFMcMnKwEGwWqgY8V3Bqm7vYuhX75jSPJC30A9Z0ycdyducEjBSK3PdAHYP8SWXHh7gUq6Gz/ARbvjcwyN6gMcBTCYCp7+Bwk8gP2hlsnbeHgHPEichWZSg1Mo8NbyARj6TQAXRuu7YITRjooBTwQbpRqRZSGiPdFjdUEl8ppvx6OYB3jeKh9uBMk8CHqmTEzHxte77rkn6BLp62huK/3n1CNonzZjLMAIm6XhROxIYAjwsEHtcMQqibwihipu/YtolilAwNadNCc70ybOkcph37LxzU8gWz5M6UmgX7aEcctAxKqIrVEJlRNEDekZv6N16tF6tD+tzHJ2zkpkd9AfW1zcNY6Wx</latexit><latexit sha1_base64="Zt/mkcpSn+TYkSM+CCeRDL+h48U=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTNaUBdCURBxVcE+oC0lk0nb0ExmSO6IZeg/ufFHXAjiQhG3/oNpO2JtPRA4nHMuN/e4oeAabPvFmptfWFxaTq2kV9fWNzYzW9sVHUSKsjINRKBqLtFMcMnKwEGwWqgY8V3Bqm7vYuhX75jSPJC30A9Z0ycdyducEjBSK3PdAHYP8SWXHh7gUq6Gz/ARbvjcwyN6gMcBTCYCp7+Bwk8gP2hlsnbeHgHPEichWZSg1Mo8NbyARj6TQAXRuu7YITRjooBTwQbpRqRZSGiPdFjdUEl8ppvx6OYB3jeKh9uBMk8CHqmTEzHxte77rkn6BLp62huK/3n1CNonzZjLMAIm6XhROxIYAjwsEHtcMQqibwihipu/YtolilAwNadNCc70ybOkcph37LxzU8gWz5M6UmgX7aEcctAxKqIrVEJlRNEDekZv6N16tF6tD+tzHJ2zkpkd9AfW1zcNY6Wx</latexit>

Known Known

Must be true Impossible

P (X = 3 | X = 3) = 1
<latexit sha1_base64="SrGl8ZlR+BBw6lKEgxNbaD10bUo=">AAACAXicbZBNS8MwGMfT+TbnW9WL4CU4hHkZrQp6EYZePE5wL7CVkabpFpakJUmFUebFr+LFgyJe/Rbe/DamXQ+6+UDCj///eUievx8zqrTjfFulpeWV1bXyemVjc2t7x97da6sokZi0cMQi2fWRIowK0tJUM9KNJUHcZ6Tjj28yv/NApKKRuNeTmHgcDQUNKUbaSAP7oFnrwit4BvucBjDHE3O5lYFddepOXnAR3AKqoKjmwP7qBxFOOBEaM6RUz3Vi7aVIaooZmVb6iSIxwmM0JD2DAnGivDTfYAqPjRLAMJLmCA1z9fdEirhSE+6bTo70SM17mfif10t0eOmlVMSJJgLPHgoTBnUEszhgQCXBmk0MICyp+SvEIyQR1ia0LAR3fuVFaJ/WXafu3p1XG9dFHGVwCI5ADbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MWstWcXMPvhT1ucPMguS2g==</latexit><latexit sha1_base64="SrGl8ZlR+BBw6lKEgxNbaD10bUo=">AAACAXicbZBNS8MwGMfT+TbnW9WL4CU4hHkZrQp6EYZePE5wL7CVkabpFpakJUmFUebFr+LFgyJe/Rbe/DamXQ+6+UDCj///eUievx8zqrTjfFulpeWV1bXyemVjc2t7x97da6sokZi0cMQi2fWRIowK0tJUM9KNJUHcZ6Tjj28yv/NApKKRuNeTmHgcDQUNKUbaSAP7oFnrwit4BvucBjDHE3O5lYFddepOXnAR3AKqoKjmwP7qBxFOOBEaM6RUz3Vi7aVIaooZmVb6iSIxwmM0JD2DAnGivDTfYAqPjRLAMJLmCA1z9fdEirhSE+6bTo70SM17mfif10t0eOmlVMSJJgLPHgoTBnUEszhgQCXBmk0MICyp+SvEIyQR1ia0LAR3fuVFaJ/WXafu3p1XG9dFHGVwCI5ADbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MWstWcXMPvhT1ucPMguS2g==</latexit><latexit sha1_base64="SrGl8ZlR+BBw6lKEgxNbaD10bUo=">AAACAXicbZBNS8MwGMfT+TbnW9WL4CU4hHkZrQp6EYZePE5wL7CVkabpFpakJUmFUebFr+LFgyJe/Rbe/DamXQ+6+UDCj///eUievx8zqrTjfFulpeWV1bXyemVjc2t7x97da6sokZi0cMQi2fWRIowK0tJUM9KNJUHcZ6Tjj28yv/NApKKRuNeTmHgcDQUNKUbaSAP7oFnrwit4BvucBjDHE3O5lYFddepOXnAR3AKqoKjmwP7qBxFOOBEaM6RUz3Vi7aVIaooZmVb6iSIxwmM0JD2DAnGivDTfYAqPjRLAMJLmCA1z9fdEirhSE+6bTo70SM17mfif10t0eOmlVMSJJgLPHgoTBnUEszhgQCXBmk0MICyp+SvEIyQR1ia0LAR3fuVFaJ/WXafu3p1XG9dFHGVwCI5ADbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MWstWcXMPvhT1ucPMguS2g==</latexit><latexit sha1_base64="SrGl8ZlR+BBw6lKEgxNbaD10bUo=">AAACAXicbZBNS8MwGMfT+TbnW9WL4CU4hHkZrQp6EYZePE5wL7CVkabpFpakJUmFUebFr+LFgyJe/Rbe/DamXQ+6+UDCj///eUievx8zqrTjfFulpeWV1bXyemVjc2t7x97da6sokZi0cMQi2fWRIowK0tJUM9KNJUHcZ6Tjj28yv/NApKKRuNeTmHgcDQUNKUbaSAP7oFnrwit4BvucBjDHE3O5lYFddepOXnAR3AKqoKjmwP7qBxFOOBEaM6RUz3Vi7aVIaooZmVb6iSIxwmM0JD2DAnGivDTfYAqPjRLAMJLmCA1z9fdEirhSE+6bTo70SM17mfif10t0eOmlVMSJJgLPHgoTBnUEszhgQCXBmk0MICyp+SvEIyQR1ia0LAR3fuVFaJ/WXafu3p1XG9dFHGVwCI5ADbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MWstWcXMPvhT1ucPMguS2g==</latexit>

P (X = 9 | X = 4) = 0
<latexit sha1_base64="ejss7LWwXYRGnhmdax1xaTvYV8s=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSmoC6HoxmUFe4F2KJlMpg1NZoYkI5RSN76KGxeKuPUt3Pk2ZtpZaOuBhI//P4fk/H7CmdKO820tLa+srq0XNoqbW9s7u/beflPFqSS0QWIey7aPFeUsog3NNKftRFIsfE5b/vAm81sPVCoWR/d6lFBP4H7EQkawNlLPPqyX2+gKXaKuYAHKsHpqLqfYs0tOxZkWWgQ3hxLkVe/ZX90gJqmgkSYcK9VxnUR7Yyw1I5xOit1U0QSTIe7TjsEIC6q88XSDCToxSoDCWJoTaTRVf0+MsVBqJHzTKbAeqHkvE//zOqkOL7wxi5JU04jMHgpTjnSMsjhQwCQlmo8MYCKZ+SsiAywx0Sa0LAR3fuVFaJ5VXKfi3lVLtes8jgIcwTGUwYVzqMEt1KEBBB7hGV7hzXqyXqx362PWumTlMwfwp6zPHzuOkuA=</latexit><latexit sha1_base64="ejss7LWwXYRGnhmdax1xaTvYV8s=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSmoC6HoxmUFe4F2KJlMpg1NZoYkI5RSN76KGxeKuPUt3Pk2ZtpZaOuBhI//P4fk/H7CmdKO820tLa+srq0XNoqbW9s7u/beflPFqSS0QWIey7aPFeUsog3NNKftRFIsfE5b/vAm81sPVCoWR/d6lFBP4H7EQkawNlLPPqyX2+gKXaKuYAHKsHpqLqfYs0tOxZkWWgQ3hxLkVe/ZX90gJqmgkSYcK9VxnUR7Yyw1I5xOit1U0QSTIe7TjsEIC6q88XSDCToxSoDCWJoTaTRVf0+MsVBqJHzTKbAeqHkvE//zOqkOL7wxi5JU04jMHgpTjnSMsjhQwCQlmo8MYCKZ+SsiAywx0Sa0LAR3fuVFaJ5VXKfi3lVLtes8jgIcwTGUwYVzqMEt1KEBBB7hGV7hzXqyXqx362PWumTlMwfwp6zPHzuOkuA=</latexit><latexit sha1_base64="ejss7LWwXYRGnhmdax1xaTvYV8s=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSmoC6HoxmUFe4F2KJlMpg1NZoYkI5RSN76KGxeKuPUt3Pk2ZtpZaOuBhI//P4fk/H7CmdKO820tLa+srq0XNoqbW9s7u/beflPFqSS0QWIey7aPFeUsog3NNKftRFIsfE5b/vAm81sPVCoWR/d6lFBP4H7EQkawNlLPPqyX2+gKXaKuYAHKsHpqLqfYs0tOxZkWWgQ3hxLkVe/ZX90gJqmgkSYcK9VxnUR7Yyw1I5xOit1U0QSTIe7TjsEIC6q88XSDCToxSoDCWJoTaTRVf0+MsVBqJHzTKbAeqHkvE//zOqkOL7wxi5JU04jMHgpTjnSMsjhQwCQlmo8MYCKZ+SsiAywx0Sa0LAR3fuVFaJ5VXKfi3lVLtes8jgIcwTGUwYVzqMEt1KEBBB7hGV7hzXqyXqx362PWumTlMwfwp6zPHzuOkuA=</latexit><latexit sha1_base64="ejss7LWwXYRGnhmdax1xaTvYV8s=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSmoC6HoxmUFe4F2KJlMpg1NZoYkI5RSN76KGxeKuPUt3Pk2ZtpZaOuBhI//P4fk/H7CmdKO820tLa+srq0XNoqbW9s7u/beflPFqSS0QWIey7aPFeUsog3NNKftRFIsfE5b/vAm81sPVCoWR/d6lFBP4H7EQkawNlLPPqyX2+gKXaKuYAHKsHpqLqfYs0tOxZkWWgQ3hxLkVe/ZX90gJqmgkSYcK9VxnUR7Yyw1I5xOit1U0QSTIe7TjsEIC6q88XSDCToxSoDCWJoTaTRVf0+MsVBqJHzTKbAeqHkvE//zOqkOL7wxi5JU04jMHgpTjnSMsjhQwCQlmo8MYCKZ+SsiAywx0Sa0LAR3fuVFaJ5VXKfi3lVLtes8jgIcwTGUwYVzqMEt1KEBBB7hGV7hzXqyXqx362PWumTlMwfwp6zPHzuOkuA=</latexit>



Exercise 2: Answer
• e


• You flip a coin and get two heads in a row. What is the 
probability that your third coin flip also results in heads?


• You roll two standard dice. One of the die shows a 3. 
What is the probability that the sum of the dice is greater 
than 7?

Exercises: Conditional 
Probability

Find P (X = 3 | X = 3) and P (X = 9 | X = 4).
<latexit sha1_base64="Zt/mkcpSn+TYkSM+CCeRDL+h48U=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTNaUBdCURBxVcE+oC0lk0nb0ExmSO6IZeg/ufFHXAjiQhG3/oNpO2JtPRA4nHMuN/e4oeAabPvFmptfWFxaTq2kV9fWNzYzW9sVHUSKsjINRKBqLtFMcMnKwEGwWqgY8V3Bqm7vYuhX75jSPJC30A9Z0ycdyducEjBSK3PdAHYP8SWXHh7gUq6Gz/ARbvjcwyN6gMcBTCYCp7+Bwk8gP2hlsnbeHgHPEichWZSg1Mo8NbyARj6TQAXRuu7YITRjooBTwQbpRqRZSGiPdFjdUEl8ppvx6OYB3jeKh9uBMk8CHqmTEzHxte77rkn6BLp62huK/3n1CNonzZjLMAIm6XhROxIYAjwsEHtcMQqibwihipu/YtolilAwNadNCc70ybOkcph37LxzU8gWz5M6UmgX7aEcctAxKqIrVEJlRNEDekZv6N16tF6tD+tzHJ2zkpkd9AfW1zcNY6Wx</latexit><latexit sha1_base64="Zt/mkcpSn+TYkSM+CCeRDL+h48U=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTNaUBdCURBxVcE+oC0lk0nb0ExmSO6IZeg/ufFHXAjiQhG3/oNpO2JtPRA4nHMuN/e4oeAabPvFmptfWFxaTq2kV9fWNzYzW9sVHUSKsjINRKBqLtFMcMnKwEGwWqgY8V3Bqm7vYuhX75jSPJC30A9Z0ycdyducEjBSK3PdAHYP8SWXHh7gUq6Gz/ARbvjcwyN6gMcBTCYCp7+Bwk8gP2hlsnbeHgHPEichWZSg1Mo8NbyARj6TQAXRuu7YITRjooBTwQbpRqRZSGiPdFjdUEl8ppvx6OYB3jeKh9uBMk8CHqmTEzHxte77rkn6BLp62huK/3n1CNonzZjLMAIm6XhROxIYAjwsEHtcMQqibwihipu/YtolilAwNadNCc70ybOkcph37LxzU8gWz5M6UmgX7aEcctAxKqIrVEJlRNEDekZv6N16tF6tD+tzHJ2zkpkd9AfW1zcNY6Wx</latexit><latexit sha1_base64="Zt/mkcpSn+TYkSM+CCeRDL+h48U=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTNaUBdCURBxVcE+oC0lk0nb0ExmSO6IZeg/ufFHXAjiQhG3/oNpO2JtPRA4nHMuN/e4oeAabPvFmptfWFxaTq2kV9fWNzYzW9sVHUSKsjINRKBqLtFMcMnKwEGwWqgY8V3Bqm7vYuhX75jSPJC30A9Z0ycdyducEjBSK3PdAHYP8SWXHh7gUq6Gz/ARbvjcwyN6gMcBTCYCp7+Bwk8gP2hlsnbeHgHPEichWZSg1Mo8NbyARj6TQAXRuu7YITRjooBTwQbpRqRZSGiPdFjdUEl8ppvx6OYB3jeKh9uBMk8CHqmTEzHxte77rkn6BLp62huK/3n1CNonzZjLMAIm6XhROxIYAjwsEHtcMQqibwihipu/YtolilAwNadNCc70ybOkcph37LxzU8gWz5M6UmgX7aEcctAxKqIrVEJlRNEDekZv6N16tF6tD+tzHJ2zkpkd9AfW1zcNY6Wx</latexit><latexit sha1_base64="Zt/mkcpSn+TYkSM+CCeRDL+h48U=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTNaUBdCURBxVcE+oC0lk0nb0ExmSO6IZeg/ufFHXAjiQhG3/oNpO2JtPRA4nHMuN/e4oeAabPvFmptfWFxaTq2kV9fWNzYzW9sVHUSKsjINRKBqLtFMcMnKwEGwWqgY8V3Bqm7vYuhX75jSPJC30A9Z0ycdyducEjBSK3PdAHYP8SWXHh7gUq6Gz/ARbvjcwyN6gMcBTCYCp7+Bwk8gP2hlsnbeHgHPEichWZSg1Mo8NbyARj6TQAXRuu7YITRjooBTwQbpRqRZSGiPdFjdUEl8ppvx6OYB3jeKh9uBMk8CHqmTEzHxte77rkn6BLp62huK/3n1CNonzZjLMAIm6XhROxIYAjwsEHtcMQqibwihipu/YtolilAwNadNCc70ybOkcph37LxzU8gWz5M6UmgX7aEcctAxKqIrVEJlRNEDekZv6N16tF6tD+tzHJ2zkpkd9AfW1zcNY6Wx</latexit>

Known Known

Must be true Impossible

P (X = 3 | X = 3) = 1
<latexit sha1_base64="SrGl8ZlR+BBw6lKEgxNbaD10bUo=">AAACAXicbZBNS8MwGMfT+TbnW9WL4CU4hHkZrQp6EYZePE5wL7CVkabpFpakJUmFUebFr+LFgyJe/Rbe/DamXQ+6+UDCj///eUievx8zqrTjfFulpeWV1bXyemVjc2t7x97da6sokZi0cMQi2fWRIowK0tJUM9KNJUHcZ6Tjj28yv/NApKKRuNeTmHgcDQUNKUbaSAP7oFnrwit4BvucBjDHE3O5lYFddepOXnAR3AKqoKjmwP7qBxFOOBEaM6RUz3Vi7aVIaooZmVb6iSIxwmM0JD2DAnGivDTfYAqPjRLAMJLmCA1z9fdEirhSE+6bTo70SM17mfif10t0eOmlVMSJJgLPHgoTBnUEszhgQCXBmk0MICyp+SvEIyQR1ia0LAR3fuVFaJ/WXafu3p1XG9dFHGVwCI5ADbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MWstWcXMPvhT1ucPMguS2g==</latexit><latexit sha1_base64="SrGl8ZlR+BBw6lKEgxNbaD10bUo=">AAACAXicbZBNS8MwGMfT+TbnW9WL4CU4hHkZrQp6EYZePE5wL7CVkabpFpakJUmFUebFr+LFgyJe/Rbe/DamXQ+6+UDCj///eUievx8zqrTjfFulpeWV1bXyemVjc2t7x97da6sokZi0cMQi2fWRIowK0tJUM9KNJUHcZ6Tjj28yv/NApKKRuNeTmHgcDQUNKUbaSAP7oFnrwit4BvucBjDHE3O5lYFddepOXnAR3AKqoKjmwP7qBxFOOBEaM6RUz3Vi7aVIaooZmVb6iSIxwmM0JD2DAnGivDTfYAqPjRLAMJLmCA1z9fdEirhSE+6bTo70SM17mfif10t0eOmlVMSJJgLPHgoTBnUEszhgQCXBmk0MICyp+SvEIyQR1ia0LAR3fuVFaJ/WXafu3p1XG9dFHGVwCI5ADbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MWstWcXMPvhT1ucPMguS2g==</latexit><latexit sha1_base64="SrGl8ZlR+BBw6lKEgxNbaD10bUo=">AAACAXicbZBNS8MwGMfT+TbnW9WL4CU4hHkZrQp6EYZePE5wL7CVkabpFpakJUmFUebFr+LFgyJe/Rbe/DamXQ+6+UDCj///eUievx8zqrTjfFulpeWV1bXyemVjc2t7x97da6sokZi0cMQi2fWRIowK0tJUM9KNJUHcZ6Tjj28yv/NApKKRuNeTmHgcDQUNKUbaSAP7oFnrwit4BvucBjDHE3O5lYFddepOXnAR3AKqoKjmwP7qBxFOOBEaM6RUz3Vi7aVIaooZmVb6iSIxwmM0JD2DAnGivDTfYAqPjRLAMJLmCA1z9fdEirhSE+6bTo70SM17mfif10t0eOmlVMSJJgLPHgoTBnUEszhgQCXBmk0MICyp+SvEIyQR1ia0LAR3fuVFaJ/WXafu3p1XG9dFHGVwCI5ADbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MWstWcXMPvhT1ucPMguS2g==</latexit><latexit sha1_base64="SrGl8ZlR+BBw6lKEgxNbaD10bUo=">AAACAXicbZBNS8MwGMfT+TbnW9WL4CU4hHkZrQp6EYZePE5wL7CVkabpFpakJUmFUebFr+LFgyJe/Rbe/DamXQ+6+UDCj///eUievx8zqrTjfFulpeWV1bXyemVjc2t7x97da6sokZi0cMQi2fWRIowK0tJUM9KNJUHcZ6Tjj28yv/NApKKRuNeTmHgcDQUNKUbaSAP7oFnrwit4BvucBjDHE3O5lYFddepOXnAR3AKqoKjmwP7qBxFOOBEaM6RUz3Vi7aVIaooZmVb6iSIxwmM0JD2DAnGivDTfYAqPjRLAMJLmCA1z9fdEirhSE+6bTo70SM17mfif10t0eOmlVMSJJgLPHgoTBnUEszhgQCXBmk0MICyp+SvEIyQR1ia0LAR3fuVFaJ/WXafu3p1XG9dFHGVwCI5ADbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MWstWcXMPvhT1ucPMguS2g==</latexit>

P (X = 9 | X = 4) = 0
<latexit sha1_base64="ejss7LWwXYRGnhmdax1xaTvYV8s=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSmoC6HoxmUFe4F2KJlMpg1NZoYkI5RSN76KGxeKuPUt3Pk2ZtpZaOuBhI//P4fk/H7CmdKO820tLa+srq0XNoqbW9s7u/beflPFqSS0QWIey7aPFeUsog3NNKftRFIsfE5b/vAm81sPVCoWR/d6lFBP4H7EQkawNlLPPqyX2+gKXaKuYAHKsHpqLqfYs0tOxZkWWgQ3hxLkVe/ZX90gJqmgkSYcK9VxnUR7Yyw1I5xOit1U0QSTIe7TjsEIC6q88XSDCToxSoDCWJoTaTRVf0+MsVBqJHzTKbAeqHkvE//zOqkOL7wxi5JU04jMHgpTjnSMsjhQwCQlmo8MYCKZ+SsiAywx0Sa0LAR3fuVFaJ5VXKfi3lVLtes8jgIcwTGUwYVzqMEt1KEBBB7hGV7hzXqyXqx362PWumTlMwfwp6zPHzuOkuA=</latexit><latexit sha1_base64="ejss7LWwXYRGnhmdax1xaTvYV8s=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSmoC6HoxmUFe4F2KJlMpg1NZoYkI5RSN76KGxeKuPUt3Pk2ZtpZaOuBhI//P4fk/H7CmdKO820tLa+srq0XNoqbW9s7u/beflPFqSS0QWIey7aPFeUsog3NNKftRFIsfE5b/vAm81sPVCoWR/d6lFBP4H7EQkawNlLPPqyX2+gKXaKuYAHKsHpqLqfYs0tOxZkWWgQ3hxLkVe/ZX90gJqmgkSYcK9VxnUR7Yyw1I5xOit1U0QSTIe7TjsEIC6q88XSDCToxSoDCWJoTaTRVf0+MsVBqJHzTKbAeqHkvE//zOqkOL7wxi5JU04jMHgpTjnSMsjhQwCQlmo8MYCKZ+SsiAywx0Sa0LAR3fuVFaJ5VXKfi3lVLtes8jgIcwTGUwYVzqMEt1KEBBB7hGV7hzXqyXqx362PWumTlMwfwp6zPHzuOkuA=</latexit><latexit sha1_base64="ejss7LWwXYRGnhmdax1xaTvYV8s=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSmoC6HoxmUFe4F2KJlMpg1NZoYkI5RSN76KGxeKuPUt3Pk2ZtpZaOuBhI//P4fk/H7CmdKO820tLa+srq0XNoqbW9s7u/beflPFqSS0QWIey7aPFeUsog3NNKftRFIsfE5b/vAm81sPVCoWR/d6lFBP4H7EQkawNlLPPqyX2+gKXaKuYAHKsHpqLqfYs0tOxZkWWgQ3hxLkVe/ZX90gJqmgkSYcK9VxnUR7Yyw1I5xOit1U0QSTIe7TjsEIC6q88XSDCToxSoDCWJoTaTRVf0+MsVBqJHzTKbAeqHkvE//zOqkOL7wxi5JU04jMHgpTjnSMsjhQwCQlmo8MYCKZ+SsiAywx0Sa0LAR3fuVFaJ5VXKfi3lVLtes8jgIcwTGUwYVzqMEt1KEBBB7hGV7hzXqyXqx362PWumTlMwfwp6zPHzuOkuA=</latexit><latexit sha1_base64="ejss7LWwXYRGnhmdax1xaTvYV8s=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsQt2UGSmoC6HoxmUFe4F2KJlMpg1NZoYkI5RSN76KGxeKuPUt3Pk2ZtpZaOuBhI//P4fk/H7CmdKO820tLa+srq0XNoqbW9s7u/beflPFqSS0QWIey7aPFeUsog3NNKftRFIsfE5b/vAm81sPVCoWR/d6lFBP4H7EQkawNlLPPqyX2+gKXaKuYAHKsHpqLqfYs0tOxZkWWgQ3hxLkVe/ZX90gJqmgkSYcK9VxnUR7Yyw1I5xOit1U0QSTIe7TjsEIC6q88XSDCToxSoDCWJoTaTRVf0+MsVBqJHzTKbAeqHkvE//zOqkOL7wxi5JU04jMHgpTjnSMsjhQwCQlmo8MYCKZ+SsiAywx0Sa0LAR3fuVFaJ5VXKfi3lVLtes8jgIcwTGUwYVzqMEt1KEBBB7hGV7hzXqyXqx362PWumTlMwfwp6zPHzuOkuA=</latexit>



Exercise 3
Exercises: Conditional 

Probability

• You flip a coin and get two heads in a row. What is the 
probability that your third coin flip also results in heads?



Exercise 4
Exercises: Conditional 

Probability
• You roll two standard dice. One of the die shows a 3. 

What is the probability that the sum of the dice is greater 
than 7?

Roll 1 Roll 2



Worksheet Exercise
• Adam and Martha propose a simple dice game to you. You can throw a die up to two 

times, and they will reward you with the amount equivalent to the face value of the die. If 
you throw a die once and 3 comes up, you can choose to take $3 or throw again. If you 
choose to throw again and 2 comes up, you earn only $2. The amount you earn is not 
additive and you only earn the amount of your last roll. 


• Suppose in your first roll, the die comes up as a 1. What is the expected amount you 
would earn in your second roll? 


• For what values in your first roll should you re-roll the die?


• What is the expected amount you would earn in this game, if you play optimally ? 


