
Parameter estimation
Conditional risk



Formalizing the problem
• Specify random variables we care about 

• e.g., Commute Time

• e.g., Heights of buildings in a city 

• We might then pick a particular distribution over these random 
variables
• e.g., Say we think our variable is Gaussian

• Now want a way to use the data to inform the model choice
• e.g., Let data tell us the parameters for that Gaussian
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Parameter estimation
• Assume that we are given some model class, M, 

• e.g., Gaussian with parameters mu and sigma

• selection of model from the class corresponds to selecting mu, sigma

• Now want to select “best” model; how do we define best?
• Generally assume data comes from that model class; might want to 

find model that best explains the data (or most likely given the data)

• Might want most likely model, with preference for “important” samples

• Might want most likely model, that also matches expert prior info

• Might want most likely model, that is the simplest (least parameters)

• These additional requirements are usually in place to enable 
better generalization to unseen data
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How can we identify the 
parameters for a distribution?

• All we get is access to samples x1, …, xn from the true 
underlying distribution p(x)

• We want to find parameters theta so that p_theta approximates 
the true distribution p well
• e.g., theta is the mean and variance for a Gaussian

• e.g., theta is the parameters to a Gamma distribution (commute times)

• Any ideas?
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What about in the prediction 
setting? That feels easier… 

• Here, the goal is to learn a function f for some inputs x to 
make predictions about targets y

• How do we identify the “best” f in our set of functions F?

• Any ideas?
• Maybe

• What does that entail? What if y_i is always 0 or 1?
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F = {f : Rd ! R | f(x) = x>w for some w 2 Rd}
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min
f2F

nX

i=1

(f(xi)� yi)
2
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Using the language of 
probability

• It can be hard to guess an objective function that tells you 
what is the best model in your class

• A natural objective is: find the model that is the most likely 
given the data

• Reflects the inherent uncertainty in identifying the model, 
since many models are possible given only samples 
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argmax
✓

p(✓|D)
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Some notation
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nX

i=1

xi = x1 + x2 + . . .+ xn

nY

i=1

xi = x1x2 . . . xn

f : X ! R
x⇤ = argmax

x
f(x)

f(x⇤) = max
x

f(x)

M set of models ,M 2 M
e.g., M = {(µ,�) : µ 2 R,� > 0}

c : Rd ! R
w⇤ = arg max

w2Rd
c(w)

c(w⇤) = max
w2Rd

c(w)

F is a set of models
e.g., F = {N (µ,�) | (µ,�) 2 R2,� > 0}
e.g., F = {w 2 Rd | f(x) = x>w}



Definition of optimization
• We select some (error) function c we care about

• Maximizing c means we are finding largest point

• Minimizing c means we are finding smallest point
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c
c



Maximum a posteriori (MAP) 
estimation
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• Want the f that is most likely, given the data

• p(f | D) is the posterior distribution of the model given data
• e.g., F could be the space of Gaussian distributions, the model is f 

and f(x) returns probability/density of a point x

• e.g., we could assume x is Gaussian distributed with variance = 1, 
and so F could be the reals, and the model f is the mean

Question: What is the function we are optimizing and 
what are the parameters we are learning?

fMAP = argmax
f2F

p(f |D)



MAP
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• p(f | D) is the posterior distribution of the model given data
• e.g., we could assume x is Gaussian distributed with variance = 1, 

and so F could be the reals, and the model f is the mean

Question: What is the function we are optimizing and 
what are the parameters we are learning?

fMAP = argmax
f2F

p(f |D)

c(f) = p(mean is f |D)

max
f2R

c(f)



Maximum a posteriori (MAP)
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• p(f | D) is the posterior distribution of the model given data

• In discrete spaces: p(f | D) is a PMF
• the MAP estimate is exactly the most probable model

• e.g., bias of coin is 0.1, 0.5, or 0.7, p(f = 0.1 | D), …

• In continuous spaces: p(f | D) is a PDF
• the MAP estimate is the model with the largest value of the posterior 

density function 

• e.g., bias of a coin is in [0, 1]

• But what is p(f | D)? Do we pick it? If so, how?

fMAP = argmax
f2F

p(f |D)



Example: Posterior for discrete 
distributions

• Imagine you are flipping a biased coin; the model parameter is 
the bias of the coin, theta

• You get a dataset D = {x_1, …, x_n} of coin flips, where x_i = 
1 if it was heads, and x_i = 0 if it was tails
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Learning the bias of a coin

vn =

⇢
1 if on toss n the coin comes up heads
0 if on toss n the coin comes up tails

Our aim is to estimate the probability ✓ that the coin will be a head,
p(vn = 1|✓) = ✓ – called the ‘bias’ of the coin.

Building a model
The variables are v1, . . . , vN and ✓ and we require a model of the probabilistic
interaction of the variables, p(v1, . . . , vN , ✓). Assuming there is no dependence
between the observed tosses, except through ✓, we have the belief network

p(v1, . . . , vN , ✓) = p(✓)
NY

n=1

p(vn|✓)

✓

v1 v2 v3 · · · vN

(a)

✓

vn

N

(b)

Figure : (a): Belief network for
coin tossing model. (b): Plate
notation equivalent of (a). A plate
replicates the quantities inside the
plate a number of times as specified
in the plate.

x1 xnx2 x3



Example: Prior before seeing 
data
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The prior

We still need to fully specify the prior p(✓). To avoid complexities resulting from
continuous variables, we’ll consider a discrete ✓ with only three possible states,
✓ 2 {0.1, 0.5, 0.8}. Specifically, we assume

p(✓ = 0.1) = 0.15, p(✓ = 0.5) = 0.8, p(✓ = 0.8) = 0.05

✓
0.1 0.5 0.8



Example: Posterior after data
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Coin posterior

For an experiment with NH = 2, NT = 8, the posterior distribution is

✓
0.1 0.5 0.8

✓
0.1 0.5 0.8

If we were asked to choose a single a posteriori most likely value for ✓, it would be
✓ = 0.5, although our confidence in this is low since the posterior belief that
✓ = 0.1 is also appreciable. This result is intuitive since, even though we observed
more Tails than Heads, our prior belief was that it was more likely the coin is fair.

p(✓|D) = p(D|✓)p(✓)p(✓)

But how do we get this posterior?



MAP calculation
• Start by applying Bayes rule

• p(D | f) is the likelihood of the data, under the model

• p(f) is the prior of the model

• p(D) is the marginal distribution of the data
• we will often be able to ignore this term
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p(f |D) =
p(D|f)p(f)

p(D)



Why is this conversion important?

• Do not always have a known form for p(f | D)

• We usually have chosen (known) forms for p(D | f) and p(f)

• Example: Let D = {x1} (one sample). Then, if model class is 
the set of Gaussians: p(D | f) = p(x1 | mu, sigma)
• p(f | D) is not obvious, since specified our model class for p(x | f)

• What is p(f) in this case? We may put some prior “preferences” on mu 
and sigma, e.g., normal distribution around mu, specifying that really 
large magnitude values in mu are unlikely

• Specifying and using p(f) is related to regularization and Bayesian 
parameter estimation, which will will discuss more later
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Example of p(D | theta)
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c(✓) = p(D|✓)
= N (x1|µ = ✓,�2 = 1)

=
1

2⇡
exp

✓
�1

2
(x1 � ✓)2

◆

✓x1
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Probabilities for fixed theta

*Note: we can use variable name f or theta



September 12, 2019

• Thought questions and Assignment coming up 

• Clarified biased coin example on eClass

• Any questions?
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Recap

• We talked about finding the MAP solution

• This means we are thinking of the parameters as a random 
variable

• First step: understand p(D | theta)

• Second step: understand the role of the prior
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fMAP = argmax
f2F

p(f |D)



What is the prior?

• The prior gives a chance to incorporate expert knowledge
• The knowledge or information prior to seeing any data

• Example: maybe ahead of time you know what you think are 
reasonable values for the heights of people

• The prior could be a Gaussian distribution around theta = 
height, where p(theta) is a Gaussian with mean = 170 (cm) 
and variance = 60 
• What does the variance mean here, for the prior?
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p(D | theta) with n samples
• Imagine we get iid samples x1, …, xn

• We could choose a Gaussian distribution for P(xi | theta), with 
theta = {mu,sigma}

• Recall iid = independent and identically distributed

 21



What does it mean to say X1 and 
X2 are independent?

• Independent samples X1, …, Xn

• e.g., P(X1,X2 | theta) = P(X1 | theta) P(X2 | theta)

• X1 and X2 are random variables, from sampling the 
distribution twice

• Because of randomness, X1 could have been many things

• it represents the random variable that is the first sample
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With n samples
• For iid samples x1, …, xn, we could choose a Gaussian 

distribution for P(xi | theta), with theta = {mu,sigma}

• P(x1, …, xn | theta) =                                                                 
P(x1 | theta) … P(xn | theta) 

• Example: D = {x1, x2}
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p(D|✓ = (µ,�2)) = p({x1, x2}|✓ = (µ,�2))

= p
⇣
x1|✓ = (µ,�2)

⌘
p
⇣
x2|✓ = (µ,�2)

⌘

<latexit sha1_base64="b7fKygxrip6Cevss/E9i0kXe/Jw="></latexit><latexit sha1_base64="b7fKygxrip6Cevss/E9i0kXe/Jw="></latexit><latexit sha1_base64="b7fKygxrip6Cevss/E9i0kXe/Jw="></latexit><latexit sha1_base64="b7fKygxrip6Cevss/E9i0kXe/Jw="></latexit>

✓x1
<latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit>

x2
<latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit>

p(x2)
<latexit sha1_base64="1zaTsa6aURZB6TFxHPdTMV4pqXs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1I6rT4P6+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE175KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx+kXo6A</latexit><latexit sha1_base64="1zaTsa6aURZB6TFxHPdTMV4pqXs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1I6rT4P6+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE175KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx+kXo6A</latexit><latexit sha1_base64="1zaTsa6aURZB6TFxHPdTMV4pqXs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1I6rT4P6+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE175KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx+kXo6A</latexit><latexit sha1_base64="1zaTsa6aURZB6TFxHPdTMV4pqXs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRY9OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1I6rT4P6+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE175KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx+kXo6A</latexit>

p(x1)
<latexit sha1_base64="ME6GobzOjPz1cxPTAWIQ1Fj7La8=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM6k89fyzXqnsVb0Z8DLxc1KGHPVe6avbVzSNmbRUEGM6vpfYICPacirYpNhNDUsIHZEB6zgqScxMkM2uneBTp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10VWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqAii4Ef/HlZdI8r/pe1b+7KNeu8zgKcAwnUAEfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH6LZjn8=</latexit><latexit sha1_base64="ME6GobzOjPz1cxPTAWIQ1Fj7La8=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM6k89fyzXqnsVb0Z8DLxc1KGHPVe6avbVzSNmbRUEGM6vpfYICPacirYpNhNDUsIHZEB6zgqScxMkM2uneBTp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10VWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqAii4Ef/HlZdI8r/pe1b+7KNeu8zgKcAwnUAEfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH6LZjn8=</latexit><latexit sha1_base64="ME6GobzOjPz1cxPTAWIQ1Fj7La8=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM6k89fyzXqnsVb0Z8DLxc1KGHPVe6avbVzSNmbRUEGM6vpfYICPacirYpNhNDUsIHZEB6zgqScxMkM2uneBTp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10VWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqAii4Ef/HlZdI8r/pe1b+7KNeu8zgKcAwnUAEfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH6LZjn8=</latexit><latexit sha1_base64="ME6GobzOjPz1cxPTAWIQ1Fj7La8=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM6k89fyzXqnsVb0Z8DLxc1KGHPVe6avbVzSNmbRUEGM6vpfYICPacirYpNhNDUsIHZEB6zgqScxMkM2uneBTp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10VWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqAii4Ef/HlZdI8r/pe1b+7KNeu8zgKcAwnUAEfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH6LZjn8=</latexit>

µ
<latexit sha1_base64="YUIm7Tsc5b5P2pMGLKWRa4Nw0cU=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6RVq/oX1dr9ZaV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBerI3a</latexit>



Example: MAP for discrete 
distributions

• Imagine you are flipping a biased coin; the model parameter is 
the bias of the coin, theta

• You get a dataset D = {x_1, …, x_n} of coin flips, where x_i = 
1 if it was heads, and x_i = 0 if it was tails

• How do we specify p(theta)?

• What is the MAP estimate?
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Learning the bias of a coin

vn =

⇢
1 if on toss n the coin comes up heads
0 if on toss n the coin comes up tails

Our aim is to estimate the probability ✓ that the coin will be a head,
p(vn = 1|✓) = ✓ – called the ‘bias’ of the coin.

Building a model
The variables are v1, . . . , vN and ✓ and we require a model of the probabilistic
interaction of the variables, p(v1, . . . , vN , ✓). Assuming there is no dependence
between the observed tosses, except through ✓, we have the belief network

p(v1, . . . , vN , ✓) = p(✓)
NY

n=1

p(vn|✓)

✓

v1 v2 v3 · · · vN

(a)

✓

vn

N

(b)

Figure : (a): Belief network for
coin tossing model. (b): Plate
notation equivalent of (a). A plate
replicates the quantities inside the
plate a number of times as specified
in the plate.

x1 xnx2 x3



Example: MAP for discrete 
distributions
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The prior

We still need to fully specify the prior p(✓). To avoid complexities resulting from
continuous variables, we’ll consider a discrete ✓ with only three possible states,
✓ 2 {0.1, 0.5, 0.8}. Specifically, we assume

p(✓ = 0.1) = 0.15, p(✓ = 0.5) = 0.8, p(✓ = 0.8) = 0.05

✓
0.1 0.5 0.8



Example: MAP for discrete 
distributions
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Coin posterior

For an experiment with NH = 2, NT = 8, the posterior distribution is

✓
0.1 0.5 0.8

✓
0.1 0.5 0.8

If we were asked to choose a single a posteriori most likely value for ✓, it would be
✓ = 0.5, although our confidence in this is low since the posterior belief that
✓ = 0.1 is also appreciable. This result is intuitive since, even though we observed
more Tails than Heads, our prior belief was that it was more likely the coin is fair.

p(✓|D) = p(D|✓)p(✓)p(✓)



Example: MAP for discrete 
distributions
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The coin posterior
Repeating the above with NH = 20, NT = 80, the posterior changes to

✓
0.1 0.5 0.8

✓
0.1 0.5 0.8

so that the posterior belief in ✓ = 0.1 dominates. There are so many more tails
than heads that this is unlikely to occur from a fair coin. Even though we a priori
thought that the coin was fair, a posteriori we have enough evidence to change our
minds.

The posterior e↵ect
Note that in both examples, NT /NH = 4, although in the latter we are much more
confident that ✓ = 0.1

Exercise: Solve for the MAP estimate



Reformulating MAP
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Will often write:

✓MAP = argmax
✓

p(D|✓)p(✓)
p(D)

= argmax
✓

p(D|✓)p(✓)
<latexit sha1_base64="yeZbWiQ5Na/vueRwI02aV9WTa/Y="></latexit><latexit sha1_base64="yeZbWiQ5Na/vueRwI02aV9WTa/Y="></latexit><latexit sha1_base64="yeZbWiQ5Na/vueRwI02aV9WTa/Y="></latexit><latexit sha1_base64="yeZbWiQ5Na/vueRwI02aV9WTa/Y="></latexit>

The constant is irrelevant, as it is the same for all D

p(✓|D) =
p(D|✓)p(✓)

p(D)

/ p(D|✓)p(✓)
<latexit sha1_base64="T32l0Pz9/3QsRtN4nLR65ItgClY="></latexit><latexit sha1_base64="T32l0Pz9/3QsRtN4nLR65ItgClY="></latexit><latexit sha1_base64="T32l0Pz9/3QsRtN4nLR65ItgClY="></latexit><latexit sha1_base64="T32l0Pz9/3QsRtN4nLR65ItgClY="></latexit>



Maximum likelihood

• In some situations, may not have a reason to prefer one 
model over another (i.e., no prior knowledge or preferences)

• Can loosely think of maximum likelihood as instance of MAP, 
with uniform prior p(theta) = u  for some constant u
• If domain is infinite (example, the                                                               

set of reals), the uniform distribution                                                    
is not defined! 

• but the interpretation is still similar

• in practice, typically have a bounded                                                    
space in mind for the model class
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p(x)

p(✓|D) =
p(D|✓)p(✓)

p(D)

/ p(D|✓)p(✓)
<latexit sha1_base64="T32l0Pz9/3QsRtN4nLR65ItgClY="></latexit><latexit sha1_base64="T32l0Pz9/3QsRtN4nLR65ItgClY="></latexit><latexit sha1_base64="T32l0Pz9/3QsRtN4nLR65ItgClY="></latexit><latexit sha1_base64="T32l0Pz9/3QsRtN4nLR65ItgClY="></latexit>

✓ML = argmax
✓

p(D|✓)
<latexit sha1_base64="SvRzVNNSFUzrTbi7PIF7U1/bHTU="></latexit><latexit sha1_base64="SvRzVNNSFUzrTbi7PIF7U1/bHTU="></latexit><latexit sha1_base64="SvRzVNNSFUzrTbi7PIF7U1/bHTU="></latexit><latexit sha1_base64="SvRzVNNSFUzrTbi7PIF7U1/bHTU="></latexit>



ML example
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x1

e.g., F = R, ✓ is the mean of a Gaussian, fixed � = 1

c(✓) = p(D|✓)
= N (x1|µ = ✓,�2 = 1)

=
1

2⇡
exp

✓
�1

2
(x1 � ✓)2

◆

✓

c(✓) = p(D|✓)

Variable is theta, optimizing it



Maximizing the log-likelihood

• We want to maximize the likelihood, but often instead 
maximize the log-likelihood

• Why? Or maybe first, is this equivalent?
• The Why is that it makes the optimization much simpler, when we 

have more than one sample

 31

argmax
✓2F

p(D|✓) = argmax
✓2F

log p(D|✓)



Why can we shift by log?
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Likelihood values always > 0

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

c(✓1) > c(✓2) () log c(✓1) > log c(✓2)

Monotone  
increasing

for c(✓) > 0
<latexit sha1_base64="befeK43AFPkCfmcY8MKkpnkG5zI=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAYhNmFXBK0kaGMZwTwgG8Ls5G4yZPbBzF0xLAEbf8XGQhFbf8LOv3E32UITT3U4517uuceNpNBoWd9GYWl5ZXWtuF7a2Nza3jF395o6jBWHBg9lqNou0yBFAA0UKKEdKWC+K6Hljq4zv3UPSoswuMNxBF2fDQLhCc4wlXrmgYPwgIkXKjqhvOLgEJCd0Etq0Z5ZtqrWFHSR2Dkpkxz1nvnl9EMe+xAgl0zrjm1F2E2YQsElTEpOrCFifMQG0ElpwHzQ3WT6w4Qep0qfZjm8MEA6VX9vJMzXeuy76aTPcKjnvUz8z+vE6F10ExFEMULAZ4e8WFIMaVYI7QsFHOU4JYwrkWalfMgU45jWVkpLsOdfXiTN06ptVe3bs3LtKq+jSA7JEakQm5yTGrkhddIgnDySZ/JK3own48V4Nz5mowUj39knf2B8/gDBzpZD</latexit><latexit sha1_base64="befeK43AFPkCfmcY8MKkpnkG5zI=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAYhNmFXBK0kaGMZwTwgG8Ls5G4yZPbBzF0xLAEbf8XGQhFbf8LOv3E32UITT3U4517uuceNpNBoWd9GYWl5ZXWtuF7a2Nza3jF395o6jBWHBg9lqNou0yBFAA0UKKEdKWC+K6Hljq4zv3UPSoswuMNxBF2fDQLhCc4wlXrmgYPwgIkXKjqhvOLgEJCd0Etq0Z5ZtqrWFHSR2Dkpkxz1nvnl9EMe+xAgl0zrjm1F2E2YQsElTEpOrCFifMQG0ElpwHzQ3WT6w4Qep0qfZjm8MEA6VX9vJMzXeuy76aTPcKjnvUz8z+vE6F10ExFEMULAZ4e8WFIMaVYI7QsFHOU4JYwrkWalfMgU45jWVkpLsOdfXiTN06ptVe3bs3LtKq+jSA7JEakQm5yTGrkhddIgnDySZ/JK3own48V4Nz5mowUj39knf2B8/gDBzpZD</latexit><latexit sha1_base64="befeK43AFPkCfmcY8MKkpnkG5zI=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAYhNmFXBK0kaGMZwTwgG8Ls5G4yZPbBzF0xLAEbf8XGQhFbf8LOv3E32UITT3U4517uuceNpNBoWd9GYWl5ZXWtuF7a2Nza3jF395o6jBWHBg9lqNou0yBFAA0UKKEdKWC+K6Hljq4zv3UPSoswuMNxBF2fDQLhCc4wlXrmgYPwgIkXKjqhvOLgEJCd0Etq0Z5ZtqrWFHSR2Dkpkxz1nvnl9EMe+xAgl0zrjm1F2E2YQsElTEpOrCFifMQG0ElpwHzQ3WT6w4Qep0qfZjm8MEA6VX9vJMzXeuy76aTPcKjnvUz8z+vE6F10ExFEMULAZ4e8WFIMaVYI7QsFHOU4JYwrkWalfMgU45jWVkpLsOdfXiTN06ptVe3bs3LtKq+jSA7JEakQm5yTGrkhddIgnDySZ/JK3own48V4Nz5mowUj39knf2B8/gDBzpZD</latexit><latexit sha1_base64="befeK43AFPkCfmcY8MKkpnkG5zI=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAYhNmFXBK0kaGMZwTwgG8Ls5G4yZPbBzF0xLAEbf8XGQhFbf8LOv3E32UITT3U4517uuceNpNBoWd9GYWl5ZXWtuF7a2Nza3jF395o6jBWHBg9lqNou0yBFAA0UKKEdKWC+K6Hljq4zv3UPSoswuMNxBF2fDQLhCc4wlXrmgYPwgIkXKjqhvOLgEJCd0Etq0Z5ZtqrWFHSR2Dkpkxz1nvnl9EMe+xAgl0zrjm1F2E2YQsElTEpOrCFifMQG0ElpwHzQ3WT6w4Qep0qfZjm8MEA6VX9vJMzXeuy76aTPcKjnvUz8z+vE6F10ExFEMULAZ4e8WFIMaVYI7QsFHOU4JYwrkWalfMgU45jWVkpLsOdfXiTN06ptVe3bs3LtKq+jSA7JEakQm5yTGrkhddIgnDySZ/JK3own48V4Nz5mowUj39knf2B8/gDBzpZD</latexit>



Maximizing the log-likelihood
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x1

−3 −2 −1 0 1 2 3 4 5
−10

−9

−8

−7

−6

−5

−4

−3

−2

−1

e.g., F = R, ✓ is the mean of a Gaussian, fixed � = 1

✓

c(✓) = log p(D|✓)

c(✓) = log p(D|✓)

= log

✓
1

2⇡
exp

✓
�1

2
(x1 � ✓)2

◆◆

= � log(2⇡)� 1

2
(x1 � ✓)2

log(ab) = log a+ log b

log(ac) = c log a



This conversion is even more important 
when we have more than one sample
• Example: Let D = {x1,x2} (two samples).

• If x1 and x2 are independent samples from same distribution 
(same model), then P(x1, x2 | theta) = P(x1 | f) P(x2 | theta) 
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p(x1|✓)p(x2|✓) =
1

2⇡
exp

✓
�1

2
(x1 � ✓)2

◆
⇥ 1

2⇡
exp

✓
�1

2
(x2 � ✓)2

◆

log (p(x1|✓)p(x2|✓)) = log p(x1|✓) + log p(x2|✓)

= �2 log(2⇡)� 1

2
(x1 � ✓)2 � 1

2
(x2 � ✓)2



Visualizing the objective
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Exercise: about the       
marginal over the data p(D)

• Why do we avoid computing p(D)?

• How do we compute p(D)? We have the tools, since we know 
about marginals
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How do we compute p(D)?

• If we have p(D, f), can we obtain p(D)?
• Marginalization

• If we have p(D|f) and p(f), do we have p(D, f)? 

 37



Data marginal

• Using the formula of total probability

• Fully expressible in terms of likelihood and prior
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Data generator Data set

Model

Parameter estimation

Observations Knowledge + Assumptions

Optimization

e.g.,

Experience

D= { }xi i= 1

n
F, ( ), . . .p f

2 Ff
f p f p fMAP { ( | ) ( )= arg max D }

f E FB |= [ D]

Model inference : Observations + + Optimization
Knowledge

and
Assumptions

Figure 2.1: Statistical framework for model inference. The estimates of the parameters are
made using a set of observations D as well as experience in the form of model space F , prior
distribution p(f), or specific starting solutions in the optimization step.

where p(f |D) is called the posterior distribution of the model given the data. In discrete
model spaces, p(f |D) is the probability mass function and the MAP estimate is exactly the
most probable model. Its counterpart in continuous spaces is the model with the largest
value of the posterior density function. Note that we use words model, which is a function,
and its parameters, which are the coefficients of that function, somewhat interchangeably.
However, we should keep in mind the difference, even if only for pedantic reasons.

To calculate the posterior distribution we start by applying the Bayes rule as

p(f |D) =
p(D|f) · p(f)

p(D)
, (2.1)

where p(D|f) is called the likelihood function, p(f) is the prior distribution of the model,
and p(D) is the marginal distribution of the data. Notice that we use D for the observed data
set, but that we usually think of it as a realization of a multidimensional random variable
D drawn according to some distribution p(D). Using the formula of total probability, we
can express p(D) as

p(D) =

8
><

>:

P
f2F

p(D|f)p(f) f : discrete

´
F
p(D|f)p(f)df f : continuous

Therefore, the posterior distribution can be fully described using the likelihood and the
prior. The field of research and practice involving ways to determine this distribution and

36



How do we solve the MAP and 
ML maximization problems?

• Naive strategy: 

• 1. Guess 100 solutions theta

• 2. Pick the one with the largest value

• Can we do something better?

 39



Crash course in optimization

• Goal: find maximal (or minimal) points of functions

• Generally assume functions are smooth, use gradient descent

• Derivative: direction of ascent from a scalar point

• Gradient: direction of ascent from a vector point

 40

d

dx
f(x)

rf(x)

c

c



Function surface
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Local Minima

Global Minima

Saddlepoint



Single-variate calculus
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GIF from Wikipedia: Tangent

For a function f defined

on a scalar x, the derivative is

df

dx
(x) = lim

h!0

f(x+ h)� f(x)

h

At any point, x,
df

dx
(x) gives

the slope of the tangent

to the function at f(x)

*Note: f is c in this slide



Why don’t constants matter?
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max
x

f(x)

d

dx
f(x) = 0

max
x

cf(x), c > 0

d

dx
cf(x) = c

d

dx
f(x) = 0

Both have derivative zero under same condition

regardless of c > 0

c

c

c

c c

u

u

uu

u



Can either minimize or 
maximize
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argmin
✓

f(✓) = argmax
✓

�f(✓)c c

Algorithm 1: Line Search(wt, c, g = Òc(wt))
1: Optimization parameters: ÷max = 1.0, · = 0.7, tolerance Ω 10e≠4

2: ÷ Ω ÷max
3: w Ω wt

4: obj Ω c(w)
5: while number of backtracking iterations is less than maximum iterations do
6: w Ω wt ≠ ÷g
7: // Ensure improvement is at least as much as tolerance
8: If c(w) < obj - tolerance then break
9: // Else, the objective is worse and so we decrease stepsize

10: ÷ Ω ·÷
11: obj Ω c(w)
12: if maximum number of iterations reached then
13: // Could not improve solution
14: return wt, ÷ = 0
15: return w, ÷

2.4 Optimization properties
There are several optimization properties to keep in mind when reading this handbook,
which we highlight here.

Maximizing versus minimizing We have so far discussed the goal of minimizing an
objective; an equivalent alternative is to maximize the negative of this objective.

argmin
wœRd

c(w) = argmax
wœRd

≠c(w)

where argmin returns w that produces the minimum value of c(w) and argmax returns
w that produces the maximum value of ≠c(w). The actual min and max values are not
the same, since for a given optimal solution, c(w) ”= ≠c(w). We opt to formulate each of
our optimizations as a minimization, and do gradient descent. It would be equally valid,
however, to formulate the optimizations as maximizations, and do gradient ascent.

Convexity A function c : Rd
æ R is said to be convex if for any w1, w2 œ Rd and

t œ [0, 1],
c(tw1 + (1 ≠ t)w2) Æ tc(w1) + (1 ≠ t)c(w2) (2.4)

This definition means that when we draw a line between any two points on the function
surface, the function values between these two points all lie below this line. Convexity is
an important property, because it means that every stationary point is a global minimum.
Therefore, regardless of where we start our gradient descent, with appropriately chosen
stepsize and su�cient iterations, we will reach an optimal solution.

A corresponding definition is a concave function, which is precisely the opposite: all
points lie above the line. For any convex function c, the negative of that function ≠c is a
concave function.

35
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Example: maximum likelihood 
for discrete distributions

• Imagine you are flipping a biased coin; the model parameter is 
the bias of the coin, theta

• You get a dataset D = {x_1, …, x_n} of coin flips, where x_i = 
1 if it was heads, and x_i = 0 if it was tails

• What is p(D | theta)?

 45

Learning the bias of a coin

vn =

⇢
1 if on toss n the coin comes up heads
0 if on toss n the coin comes up tails

Our aim is to estimate the probability ✓ that the coin will be a head,
p(vn = 1|✓) = ✓ – called the ‘bias’ of the coin.

Building a model
The variables are v1, . . . , vN and ✓ and we require a model of the probabilistic
interaction of the variables, p(v1, . . . , vN , ✓). Assuming there is no dependence
between the observed tosses, except through ✓, we have the belief network

p(v1, . . . , vN , ✓) = p(✓)
NY

n=1

p(vn|✓)

✓

v1 v2 v3 · · · vN

(a)

✓

vn

N

(b)

Figure : (a): Belief network for
coin tossing model. (b): Plate
notation equivalent of (a). A plate
replicates the quantities inside the
plate a number of times as specified
in the plate.

x1 xnx2 x3

p(D|M) = p(x1, . . . , xn|✓)

=
nY

i=1

p(xi|✓)

p(xi|✓) = ✓

p(D|✓)

p(x|✓) = ✓x(1� ✓)1�x



Learning the bias of a coin

vn =

⇢
1 if on toss n the coin comes up heads
0 if on toss n the coin comes up tails

Our aim is to estimate the probability ✓ that the coin will be a head,
p(vn = 1|✓) = ✓ – called the ‘bias’ of the coin.

Building a model
The variables are v1, . . . , vN and ✓ and we require a model of the probabilistic
interaction of the variables, p(v1, . . . , vN , ✓). Assuming there is no dependence
between the observed tosses, except through ✓, we have the belief network

p(v1, . . . , vN , ✓) = p(✓)
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✓
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Figure : (a): Belief network for
coin tossing model. (b): Plate
notation equivalent of (a). A plate
replicates the quantities inside the
plate a number of times as specified
in the plate.

x1 xnx2 x3

Example: maximum likelihood 
for discrete distributions

• How do we estimate theta?

• Counting: 
• count the number of heads Nh

• count the number of tails Nt

• normalize: theta = Nh/ (Nh + Nt)

• What if you actually try to maximize 
the likelihood?
• i.e., solve argmax p(D | theta)
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p(D|M) = p(x1, . . . , xn|✓)

=
nY

i=1

p(xi|✓)

p(xi|✓) = ✓

p(D|✓)

p(x|✓) = ✓x(1� ✓)1�x
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Figure : (a): Belief network for
coin tossing model. (b): Plate
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replicates the quantities inside the
plate a number of times as specified
in the plate.
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Example: maximum likelihood 
for discrete distributions

• What if you actually try to maximize 
the likelihood to get theta?
• i.e., solve argmax p(D | theta)
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p(D|M) = p(x1, . . . , xn|✓)

=
nY

i=1

p(xi|✓)

p(xi|✓) = ✓

p(D|✓)

f(✓) =
nY

i=1

p(xi|✓)

max
✓

nY

i=1

p(xi|✓) = max
✓

f(✓)

p(x|✓) = ✓x(1� ✓)1�x

c

c

argmax
✓

f(✓) = argmax
✓

log f(✓)c c



Example: maximum likelihood 
for discrete distributions

 48

p(x|✓) = ✓x(1� ✓)1�x

log(ab) = log a+ log b

log(ac) = c log a
log f(✓) = log

nY

i=1

p(xi|✓)

=
nX

i=1

log p(xi|✓)

log p(x|✓) = log (✓x) + log
�
(1� ✓)1�x

�

= x log (✓) + (1� x) log (1� ✓)

argmax
✓

f(✓) = argmax
✓

log f(✓)c c

c



Example: maximum likelihood 
for discrete distributions
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nX

i=1

log p(xi|✓) =
nX

i=1

xi log (✓) +
nX

i=1

(1� xi) log (1� ✓)

= log (✓)

 
nX

i=1

xi

!
+ log (1� ✓)

 
nX

i=1

(1� xi)

!

x̄ =
nX

i=1

xi

d

d✓
=

1

✓
x̄� 1

1� ✓
(n� x̄) = 0



Example: maximum likelihood 
for discrete distributions
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x̄ =
nX

i=1

xi

d

d✓
=

1

✓
x̄� 1

1� ✓
(n� x̄) = 0

=) x̄

✓
=

n� x̄

1� ✓
=) (1� ✓)x̄ = ✓(n� x̄)

=) x̄� ✓x̄ = ✓n� ✓x̄

=) ✓ =
x̄

n



We solved for a stationary point

• But how do we know that this is the optimal solution to the 
optimization problem we specified?
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Univariate optimization
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- Minima 
- Maxima 
- Saddle points

If  then  has a local maximum at .

If  then  has a local minimum at .

If , the test is inconclusive.

In the latter case, Taylor's Theorem may be used to determine the behavior of f near x using higher

derivatives.

Multivariable case

Main article: Second partial derivative test

For a function of more than one variable, the second derivative test generalizes to a test based on the

eigenvalues of the function's Hessian matrix at the critical point. In particular, assuming that all second

order partial derivatives of f are continuous on a neighbourhood of a critical point x, then if the eigenvalues

of the Hessian at x are all positive, then x is a local minimum. If the eigenvalues are all negative, then x is a

local maximum, and if some are positive and some negative, then the point is a saddle point. If the Hessian

matrix is singular, then the second derivative test is inconclusive.

Proof of the second derivative test

Suppose we have  (the proof for  is analogous). By assumption, . Then

Thus, for h sufficiently small we get

which means that  if h < 0 (intuitively, f is decreasing as it approaches x from the left), and

that  if h > 0 (intuitively, f is increasing as we go right from x). Now, by the first derivative

test,  has a local minimum at .

Concavity test

A related but distinct use of second derivatives is to determine whether a function is concave up or concave

down at a point. It does not, however, provide information about inflection points. Specifically, a twice-

differentiable function f is concave up if  and concave down if . Note that if 

, then  has zero second derivative, yet is not an inflection point, so the second derivative

alone does not give enough information to determine if a given point is an inflection point.

Higher-order derivative test

f 0(a) = lim
h!0

f(a+ h)� f(a)

h



Second derivative test
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If  then  has a local maximum at .

If  then  has a local minimum at .

If , the test is inconclusive.

In the latter case, Taylor's Theorem may be used to determine the behavior of f near x using higher

derivatives.

Multivariable case

Main article: Second partial derivative test

For a function of more than one variable, the second derivative test generalizes to a test based on the

eigenvalues of the function's Hessian matrix at the critical point. In particular, assuming that all second

order partial derivatives of f are continuous on a neighbourhood of a critical point x, then if the eigenvalues

of the Hessian at x are all positive, then x is a local minimum. If the eigenvalues are all negative, then x is a

local maximum, and if some are positive and some negative, then the point is a saddle point. If the Hessian

matrix is singular, then the second derivative test is inconclusive.

Proof of the second derivative test

Suppose we have  (the proof for  is analogous). By assumption, . Then

Thus, for h sufficiently small we get

which means that  if h < 0 (intuitively, f is decreasing as it approaches x from the left), and

that  if h > 0 (intuitively, f is increasing as we go right from x). Now, by the first derivative

test,  has a local minimum at .

Concavity test

A related but distinct use of second derivatives is to determine whether a function is concave up or concave

down at a point. It does not, however, provide information about inflection points. Specifically, a twice-

differentiable function f is concave up if  and concave down if . Note that if 

, then  has zero second derivative, yet is not an inflection point, so the second derivative

alone does not give enough information to determine if a given point is an inflection point.

Higher-order derivative test

Ignore the green line



Second derivative test
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If  then  has a local maximum at .

If  then  has a local minimum at .

If , the test is inconclusive.

In the latter case, Taylor's Theorem may be used to determine the behavior of f near x using higher

derivatives.

Multivariable case

Main article: Second partial derivative test

For a function of more than one variable, the second derivative test generalizes to a test based on the

eigenvalues of the function's Hessian matrix at the critical point. In particular, assuming that all second

order partial derivatives of f are continuous on a neighbourhood of a critical point x, then if the eigenvalues

of the Hessian at x are all positive, then x is a local minimum. If the eigenvalues are all negative, then x is a

local maximum, and if some are positive and some negative, then the point is a saddle point. If the Hessian

matrix is singular, then the second derivative test is inconclusive.

Proof of the second derivative test

Suppose we have  (the proof for  is analogous). By assumption, . Then

Thus, for h sufficiently small we get

which means that  if h < 0 (intuitively, f is decreasing as it approaches x from the left), and

that  if h > 0 (intuitively, f is increasing as we go right from x). Now, by the first derivative

test,  has a local minimum at .

Concavity test

A related but distinct use of second derivatives is to determine whether a function is concave up or concave

down at a point. It does not, however, provide information about inflection points. Specifically, a twice-

differentiable function f is concave up if  and concave down if . Note that if 

, then  has zero second derivative, yet is not an inflection point, so the second derivative

alone does not give enough information to determine if a given point is an inflection point.

Higher-order derivative test



Now on to some careful 
examples of MAP!

• Whiteboard for Examples 8, 9, 10, 11

• More fun with derivatives and finding 
the minimum of a function

• Next: 
• introduction to prediction problems for ML
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