
Multiclass classification



Multi-class and Multi-label

• Multi-class: have multiple classes, with each instance only in 
one class
• e.g., a person can only have one blood type

• Multi-label: have multiple classes, where each instance can 
have multiple class labels
• e.g., a newspaper article can be a sports article and medicine article
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Exercise: problem 
representation for classification

• What if have many classes (e.g., image classification)?
• Example: classify written digit (e.g., 7 or 3)

• Example: classify images based on presence of an object (e.g., cat)

• Is image classification multi-class or multi-label?

• What other settings can you                                                             
imagine with many classes?
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How can we learn this?



Exercise: problem 
representation for classification

• What if have many many classes (e.g., image classification)?
• Example: classify written digit (e.g., 7 or 3)

• Example: classify images based on presence of an object (e.g., cat)

• Is image classification multi-class or multi-label?

• One approach for either multi-class or multi-label: learn one 
logistic regression model for each class separately
• What are the issues here?

• What other techniques can we use for multi-class and multi-label?
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One-vs-all
• Learn binary classifier for each class, w1, …, wk

• i.e., weight vector w2 predict if the sample is either class 2 or its not

• If training sample x is class 2, then weights w2 get label y = 1 and the 
weights wi for the other classes get a label of y = 0

• Once have wi, how do we predict on a new sample?
• e.g., w1, w2 w3, 

• p(y = 1 | x, w1) = 0.9.    p(y = 1 | x, w2) = 0.6.      p(y = 1 | x, w3) = 0.1

• For multi-class, pick class such that p(y = 1 | x, wi) is largest
• In this example that is class 1

• For multi-label, pick classes such that p(y = 1 | x, wi) > 0.5
• In this example that is class 1 and 2
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One-vs-all for multi-class

• Learn binary classifier for each class, w1, …, wk
• i.e., weights w2 predict if the sample is either class 2 or its not

• If training sample x is class 2, then weights w2 get label y = 1 and the 
weights wi for the other classes get a label of y = 0

• Once have wi, how do we predict on a new sample?
• p(y = 1 | x, w1) = 0.9.    p(y = 1 | x, w2) = 0.6.      p(y = 1 | x, w3) = 0.1
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• What are the issues with this approach for multi-class? 
• see many more negative samples

• have to compare confidence p(y=1 | x) between different classes, but 
scale could be different



One-vs-all for multi-label
• Called binary relevance for multi-label

• What are the issues with one-vs-rest for multi-label?
• class independence assumption

• Do not take advantage of relationships between classes
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• Learn binary classifier for each class, w1, …, wk
• i.e., weights w2 predict if the sample is either class 2 or its not

• If training sample x is class 2, then weights w2 get label y = 1 and the 
weights wi for the other classes get a label of y = 0

• Once have wi, how do we predict on a new sample?
• p(y = 1 | x, w1) = 0.9.    p(y = 1 | x, w2) = 0.6.      p(y = 1 | x, w3) = 0.1



One-vs-one for multi-class

• Learn k (k-1)/2 binary classifiers, with voting scheme: class 
with most positive predictions is outputted

• For k = 3 (three classes), train class 1 vs class 2 (p_12), class 
1 vs 3 (p_13), class 2 vs 3 (p_23)

• Predict with 

• Notice this uses p_{31}, but I didn’t train that. Where does it 
come from?
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f(x) = arg max
i2{1,2,3}

X

j

pij(y = 1(i.e., y = i not j|x))



Advantages to vs-all or vs-one
• Imagine you have a dataset with n samples, d features, k classes

• When might one-vs-all or one-vs-one be better? 
• Vs-one has to train about k^2 models, can be expensive!

• But, gets to train k^2 models on a subset of the data (about 2 n / k if the 
data is balanced, i.e., equal number of each class)

• If n = 1 million and k = 10, which one might be better? Which 
learning methods might prefer one or the other?
• If method scales poorly with sample size, vs-one might be better

• If method can share part of solution across classes, vs-all might be better

• If method suffers from class imbalance, vs-one might be better

• If k is large, vs-all might be better

• Easier to parallelize vs-one9



Other approaches for multi-class

• naive Bayes (generative model)

• Instance-based approaches (e.g. k-NN)
• keep a representative set of samples, compare to these points and what 

labels they had

• Hierarchical classification

• Multinomial logistic regression
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Multinomial distributions
• Extend binary GLM (logistic regression) to multi-class, by moving 

from Bernoulli to Multinomial

• What does target y look like?

• y = [0 1 0 0] means that instance is in class 2 out of 4 classes

• What distribution matches such a target?
• Clearly not Bernoulli, where its only zero or 1

• Clearly not Gaussian…
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Multinomial distributions
• Extend binary GLM (logistic regression) to multi-class, by moving 

from Bernoulli to Multinomial (here specifically Categorical dist)

• Multinomial distribution is probability of n successes in k Bernoulli 
trials
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Since y is still discrete, we can approximate p(y) using counts as before. The maximum
likelihood mean and variance parameters correspond to the sample mean and sample co-
variance for each given class separately. This involves computing the mean and variance of
feature j across the datapoints labeled with class c:

µj,c =

P
n

i=1 1(yi = c)xj
number of datapoints labeled as class c

�2
j,c =

P
n

i=1 1(yi = c)(xj � µj,c)2

number of datapoints labeled as class c

=

P
n

i=1 1(yi = c)(xj � µj,c)2

number of datapoints labeled as class c

Exercise: Derive the maximum likelihood formulation for a Gaussian naive Bayes model,
and check that the solution does in fact match the sample mean and variance for each feature
and class separately, as above.

6.3 Multinomial logistic regression

Now let us consider discriminative multiclass classification, where X = Rd and Y = {1, 2, . . . , k}.
This setting arises naturally in machine learning, where there is often more than two cate-
gories. For example, if we want to predict the blood type (A, B, AB and O) of an individual,
then we have four classes. Here we discuss multiclass classification where we only want to
label a datapoint with one class out of k. In other settings, one might want to label a
datapoint with multiple classes; this is briefly mentioned at the end of this section.

We can nicely generalize to this setting using the idea of multinomials and the cor-
responding link function, as with the other generalized linear models. The multinomial
distribution is a member of the exponential family. We can write

p(y|x) = 1

y1! . . . yk!
p(y1 = 1|x)y1 . . . , p(yk = 1|x)yk (6.12)

where the usual numerator n! = 1 because n =
P

k

j=1 yj = 1 since we can only have one class
value. As with logistic regression, we can parametrize p(yj = 1|x) = �(x>

wj). However,
we must also ensure that

P
k

j=1 p(yj = 1|x) = 1. To do so, we “pivot" around the final class,
p(yk = 1|x) = 1�

P
k�1
j=1 p(yj = 1|x) and only explicitly learn w1, . . . ,wk�1. Note that these

models are not learned independently, because they are tied by the probability for the last
class. The parameters can be represented as a matrix W 2 Rd⇥k where W = [w1, . . . ,wk]
is composed of k weight vectors with wk = 0. We will see why we fix wk = 0.

The transfer (inverse of the link) for this setting is the softmax transfer

softmax(x>
W) =

"
exp(x>

w1)P
k

j=1 exp(x
>wj)

, . . . ,
exp(x>

wk)P
k

j=1 exp(x
>wj)

#

=


exp(x>

w1)

1> exp(x>W)
, . . . ,

exp(x>
wk)

1> exp(x>W)

�

and the prediction is softmax(x) = ŷ 2 [0, 1]k, which gives the probability in each entry
of being labeled as that class, where ŷ

>
1 = 1 signifying that the probabilities sum to

77

We have n = 1, e.g. y = [1 0 0 0]



Predictions

• Targets look like y = [0 1 0 0], meaning that instance is in class 
2 out of 4 classes

• For a new sample, we predict                                               
[p(y=1 | x), p(y = 2| x), …, p(y = k | x)]

• Example: [0.1 0.2 0.6 0.1] suggests we should pick class y = 
3, since it has the highest probability

• How do we generate such a vector of probabilities?
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Multinomial logistic regression

• y = [0 1 0 0] means that instance is in class 2 out of 4 classes

• Let k be the number of classes, n = 1 for 1 success

• The transfer (inverse of link) is the softmax transfer
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learned independently, because they are tied by the probability for the last
class. The parameters can be represented as a matrix W 2 Rd⇥k where
W = [w1, . . . ,wk] is composed of k weight vectors with wk = 0. We will
see why we fix wk = 0.

The transfer (inverse of the link) for this setting is the softmax transfer

softmax(x>
W) =
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w1)Pk
j=1 exp(x
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exp(x>
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>wj)

#

=


exp(x>

w1)

1> exp(x>W)
, . . . ,

exp(x>
wk)

1> exp(x>W)

�

and the prediction is softmax(x) = ŷ 2 [0, 1]k, which gives the probability in
each entry of being labeled as that class, where ŷ

>
1 = 1 signifying that the

probabilities sum to 1. Note that this model encompasses the binary setting
for logistic regression, because �(x>

w) = (1+exp(�x
>
w))�1 = exp(x>

w)
1+exp(x>w)

.
The weights for multinomial logistic regression with two classes are then
W = [w, 0] giving

p(y = 1|x) = exp(x>
w)

1> exp(x>W)

=
exp(x>

w)

exp(x>W) + exp(x>0)

=
exp(x>

w)

exp(x>W) + 1

= �(x>
w).

Similarly, for k > 2, by fixing wk = 0, the other weights w1, . . . ,wk�1 are
learned to ensure that p(y = k|x) = exp(x>

wk)
1> exp(x>W)

= 1
1+

P
k�1
j=1 exp(x>wj)

and

that
Pk

j=1 p(y = j|x) = 1.
With the parameters of the model parameterized by W and the softmax

transfer, we can determine the maximum likelihood formulation. By plugging
in the parameterization into Equation (6.12), taking the negative log of that
likelihood and dropping constants, we arrive at the following loss

min
W2Rd⇥k:W:k=0

log
⇣
1
> exp(x>

W)
⌘
� x

>
Wy

with gradient

r
⇣
log

⇣
1
> exp(x>

W)
⌘
� x

>
Wy

⌘
=

exp(x>
W)>x>

1> exp(x>W
� xy

>.
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Since y is still discrete, we can approximate p(y) using counts as before. The maximum
likelihood mean and variance parameters correspond to the sample mean and sample co-
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Exercise: Derive the maximum likelihood formulation for a Gaussian naive Bayes model,
and check that the solution does in fact match the sample mean and variance for each feature
and class separately, as above.

6.3 Multinomial logistic regression

Now let us consider discriminative multiclass classification, where X = Rd and Y = {1, 2, . . . , k}.
This setting arises naturally in machine learning, where there is often more than two cate-
gories. For example, if we want to predict the blood type (A, B, AB and O) of an individual,
then we have four classes. Here we discuss multiclass classification where we only want to
label a datapoint with one class out of k. In other settings, one might want to label a
datapoint with multiple classes; this is briefly mentioned at the end of this section.

We can nicely generalize to this setting using the idea of multinomials and the cor-
responding link function, as with the other generalized linear models. The multinomial
distribution is a member of the exponential family. We can write
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p(y1 = 1|x)y1 . . . , p(yk = 1|x)yk (6.12)
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is composed of k weight vectors with wk = 0. We will see why we fix wk = 0.

The transfer (inverse of the link) for this setting is the softmax transfer

softmax(x>
W) =

"
exp(x>

w1)P
k

j=1 exp(x
>wj)

, . . . ,
exp(x>

wk)P
k

j=1 exp(x
>wj)

#

=


exp(x>

w1)

1> exp(x>W)
, . . . ,

exp(x>
wk)

1> exp(x>W)

�

and the prediction is softmax(x) = ŷ 2 [0, 1]k, which gives the probability in each entry
of being labeled as that class, where ŷ
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1 = 1 signifying that the probabilities sum to
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(Categorical distribution)

W = [w1, . . . ,wk] 2 Rd⇥k
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Softmax transfer
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learned independently, because they are tied by the probability for the last
class. The parameters can be represented as a matrix W 2 Rd⇥k where
W = [w1, . . . ,wk] is composed of k weight vectors with wk = 0. We will
see why we fix wk = 0.
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and the prediction is softmax(x) = ŷ 2 [0, 1]k, which gives the probability in
each entry of being labeled as that class, where ŷ

>
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probabilities sum to 1. Note that this model encompasses the binary setting
for logistic regression, because �(x>
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w)
1+exp(x>w)
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The weights for multinomial logistic regression with two classes are then
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Similarly, for k > 2, by fixing wk = 0, the other weights w1, . . . ,wk�1 are
learned to ensure that p(y = k|x) = exp(x>

wk)
1> exp(x>W)

= 1
1+

P
k�1
j=1 exp(x>wj)

and

that
Pk

j=1 p(y = j|x) = 1.
With the parameters of the model parameterized by W and the softmax

transfer, we can determine the maximum likelihood formulation. By plugging
in the parameterization into Equation (6.12), taking the negative log of that
likelihood and dropping constants, we arrive at the following loss

min
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Normalization to ensure that get valid probabilities 

Must set vector of weights w_k = 0 to make softmax an 
invertible transfer



Relation to logistic regression
• For k= 2, y = [0 1] or y = [1 0]
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1. Note that this model encompasses the binary setting for logistic regression, because
�(x>
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With the parameters of the model parameterized by W and the softmax transfer, we

can determine the maximum likelihood formulation. By plugging in the parameterization
into Equation (6.12), taking the negative log of that likelihood and dropping constants, we
arrive at the following loss
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As before, we do not have a closed form solution for this gradient, and will use iterative
methods to solve for W. Note that here, unlike previous methods, we have a constraint on
part of the variable. However, this was solely written this way for convenience. We do not
optimize W:k, as it is fixed at zero; one can rewrite this minimization and gradient to only
apply to the W:(1:k�1). This corresponds to initializing W:k = 0, and then only using the
first k � 1 columns of the gradient in the update to W:(1:k�1).

The final prediction softmax(x>
W) 2 [0, 1] gives the probabilities of being in a class.

As with logistic regression, to pick one class, the highest probability value is chosen. For
example, with k = 4, we might predict [0.1 0.2 0.6 0.1] and so decide to classify the point
into class 3.

Remark about overlapping classes: If you want to predict multiple classes for a data-
point x, then a common strategy is to learn separate binary predictors for each class. Each
predictor is queried separately, and a datapoint will label each class as 0 or 1, with poten-
tially more than one class having a 1. Above, we examined the case where the datapoint
was exclusively in one of the provided classes, by setting n = 1 in the multinomial.
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Relation to logistic regression…
• In general, setting w_k to zero is a convention

• could choose any of the classes, e.g., could learn p(y = 1 | x)

• Normalization enforces constraint on w_k (or on one of the 
classes), so can set w_k = 0
• Exercise: show that setting w_k = 0 is also required to ensure that 

the softmax transfer is invertible
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�

and the prediction is softmax(x) = ŷ 2 [0, 1]k, which gives the probability in
each entry of being labeled as that class, where ŷ

>
1 = 1 signifying that the

probabilities sum to 1. Note that this model encompasses the binary setting
for logistic regression, because �(x>

w) = (1+exp(�x
>
w))�1 = exp(x>

w)
1+exp(x>w)

.
The weights for multinomial logistic regression with two classes are then
W = [w, 0] giving

p(y = 1|x) = exp(x>
w)

1> exp(x>W)

=
exp(x>

w)

exp(x>W) + exp(x>0)

=
exp(x>

w)

exp(x>W) + 1

= �(x>
w).

Similarly, for k > 2, by fixing wk = 0, the other weights w1, . . . ,wk�1 are
learned to ensure that p(y = k|x) = exp(x>

wk)
1> exp(x>W)

= 1
1+

P
k�1
j=1 exp(x>wj)

and

that
Pk

j=1 p(y = j|x) = 1.
With the parameters of the model parameterized by W and the softmax

transfer, we can determine the maximum likelihood formulation. By plugging
in the parameterization into Equation (6.12), taking the negative log of that
likelihood and dropping constants, we arrive at the following loss

min
W2Rd⇥k:W:k=0

log
⇣
1
> exp(x>

W)
⌘
� x

>
Wy

with gradient

r
⇣
log

⇣
1
> exp(x>

W)
⌘
� x

>
Wy

⌘
=

exp(x>
W)>x>

1> exp(x>W
� xy

>.
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Summary of multinomial logistic 
regression

• p(y | x) is a multinomial distribution

• Corresponding transfer is the softmax transfer with w_k = 0

• Prediction on new x is

•  softmax(xW) = [p(y=1 | x), p(y = 2| x), …, p(y = k | x)]

18



Learning strategy

• Using the minimization obtained for our generalized linear 
models, we can plug in the transfer to get

19

�(x>
w) = (1+exp(�x

>
w))�1 = exp(x>

w)
1+exp(x>w)

. The weights for multinomial logistic regression
with two classes are then W = [w, 0] giving

p(y = 0|x) = exp(x>
w)

1> exp(x>W)

=
exp(x>

w)

exp(x>w) + exp(x>0)

=
exp(x>

w)

exp(x>w) + 1

= �(x>
w).

Similarly, for k > 2, by fixing wk = 0, the other weights w1, . . . ,wk�1 are learned to ensure
that p(y = k|x) = exp(x>

wk)
1> exp(x>W)

= 1
1+

P
k�1
j=1 exp(x>wj)

and that
P

k

j=1 p(y = j|x) = 1.
With the parameters of the model parameterized by W and the softmax transfer, we

can determine the maximum likelihood formulation. By plugging in the parameterization
into Equation (6.12), taking the negative log of that likelihood and dropping constants, we
arrive at the following loss for samples (x1,y1), . . . , (xn,yn)

min
W2Rd⇥k:W:k=0

nX

i=1

log
⇣
1
> exp(x>

i W)
⌘
� x

>
i Wyi

with gradient

r
nX

i=1

⇣
log

⇣
1
> exp(x>

i W)
⌘
� x

>
i Wyi

⌘
=

nX

i=1

exp(x>
i
W)>x>

i

1> exp(x>
i
W)

� xiy
>
i .

As before, we do not have a closed form solution for this gradient, and will use iterative
methods to solve for W. Note that here, unlike previous methods, we have a constraint on
part of the variable. However, this was solely written this way for convenience. We do not
optimize W:k, as it is fixed at zero; one can rewrite this minimization and gradient to only
apply to the W:(1:k�1). This corresponds to initializing W:k = 0, and then only using the
first k � 1 columns of the gradient in the update to W:(1:k�1).

The final prediction softmax(x>
W) 2 [0, 1] gives the probabilities of being in a class.

As with logistic regression, to pick one class, the highest probability value is chosen. For
example, with k = 4, we might predict [0.1 0.2 0.6 0.1] and so decide to classify the point
into class 3.

Remark about overlapping classes: If you want to predict multiple classes for a data-
point x, then a common strategy is to learn separate binary predictors for each class. Each
predictor is queried separately, and a datapoint will label each class as 0 or 1, with poten-
tially more than one class having a 1. Above, we examined the case where the datapoint
was exclusively in one of the provided classes, by setting n = 1 in the multinomial.
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How do we constrain w_k = 0?
What is the algorithm?

(softmax(xT
i w)� yi)xi
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Reminders: Oct. 24, 2019

• Assignment 2 due Friday

• Midterm in two weeks

• We will do a review class on Tuesday, with the midterm on 
Thursday
• There is a practice midterm on eClass
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Example: SGD for     
multinomial logistic regression

• For one stochastic update, with sample (xi, yi)

21

s = 1> exp(x>
i W)

for j = 1, . . . , k � 1

wj = wj � ⌘


exp(x>

i wj)

s
� yij

�
xi
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Exercise: nonlinear GLMs

• In linear regression, we used nonlinear expansions on the 
features to get nonlinear learning
• e.g., convert x to polynomials

• Can we do the same for logistic regression or multinomial 
logistic regression?

• Why would we want to? Aren’t GLMs already nonlinear?
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