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Goal of these Slides

• Go over each section of the notes and highlight key concepts


• Additionally highlight what I will and will not test


• It is in the notes for your knowledge, but hard to directly test


• Practice Final will be covered in a later session, closer to the actual final


• Note: the final largely focuses on Chapter 10 onwards. But as usual it builds 
on your knowledge from earlier chapters



Chapter 1: Intro to ML

• Know the difference between a generative model and predictor (1.1)


• Will not be directly tested: 

• Relationship to Statistics and Probability (1.2)


• The Blessing and Curse of Dimensionality (1.3)


• SVDs and Eigenvalue decompositions (1.4)



Chapter 2: Probability Concepts

• Understand the definition of a multi-dimensional probability (2.1)


• Understand the definition of a mixture of distributions (2.2)


• Know the purpose of the KL divergence (2.3)


• Will not be directly tested: 

• Knowing the PMFs or PDFs of specific distributions


• Specific expectation and variance formulas


• Remembering the KL divergence formula



Chapter 3: Fixed Representations

• We discussed polynomials, RBF Networks and Prototype representations


• We discussed how these fixed representations allow us to learn nonlinear 
functions


• Will not test 

• Any representability results for these functions


• Specific formulas for kernels



Exercise

• I didn’t give you an example of how projecting to higher dimensions also 
facilitates regression with simple (linear functions)


• Can you think of a similar example to this one, but for regression?
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Exercise

• I didn’t give you an example of how projecting to higher dimensions also 
facilitates regression with simple (linear functions)


• Can you think of a similar example to this one, but for regression?


• Same  lets us learn an average y per bin


• Can also use a linear function per bin, by using (x1,x2) per bin, giving 
piecewise linear functions


• e.g., bin 1: [x1, x2, 0, 0, 0, ….] 
bin 2: [0, 0, x1, x2, 0, 0, ….]
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Ch 4: Revisiting Generalization Error
• The definition of generalization error (expected cost)


• Overfitting and underfitting, and relationship to function class capacity


• Understand that Linear Regression and l2-regularized linear regression have closed-form 
solutions (unlike most GLMs)


• Understand that this let’s us characterize the bias and variance of these solutions


• Understand the LR solution is unbiased, if the true function is linear 


• Understand LR+l2 is biased, but that asymptotically (as n grows) they reach the same solution


• Understand difference between realizable and nonrealizable settings


• Will not be directly tested: 

• Any specific closed-form solutions; I will give them to you if you need them



Ch4: Revisiting Generalization Error

• Understand that the generalization error of a function f is the error in 
expectation across all possible datapoints (expected cost)
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using linear regression with regularization, we are introducing bias both from selecting a
simpler function class and from the regularization. If the true function is not linear, then
we cannot compare the learned weights for a linear function directly to the true function.

If a powerful basis is used to first transform the data, then we can learn nonlinear
functions even though the solution uses linear regression. In this case, it is feasible that
this function class is su�ciently powerful and includes the true function, and that the bias
is mostly due to regularization. But, in general, it will be di�cult to guarantee that we
have specified a function class that includes the true function, and it will be di�cult to
directly compare our parameters to true parameters (which may not even be of the same
dimension).

We can more generally talk about bias and variance by considering instead the reducible
error. In fact, the bias-variance trade-o� is all about reducing the reducible error. Recall
that the generalization error for the squared error decomposes into the reducible and irre-
ducible errors:

GE(f) = E[(f(X) ≠ Y )2] = E[(f(X) ≠ fú(X))2]
¸ ˚˙ ˝

reducible error

+E[(fú(X) ≠ Y )2]
¸ ˚˙ ˝

irreducible error

(12.1)

where fú(x) = E[Y |X = x].This fú could be a highly nonlinear function, and may not be
in our function class. For example, if we are learning a neural network with three hidden
layers, each of size 1024, with ReLU activations, then fú may not be in this set of functions.

We can write this reducible error in terms of the bias and variance of our learned function.
We write fD to emphasize that it is a random variable that depends on the dataset. We
can first consider the bias for a given input x,

E
Ë
(fD(x) ≠ fú(x))2

È
= (E [fD(x)] ≠ fú(x))2 + Var [fD(x)] .

Notice that in the second line, the expectation is now inside the squared distance; this
term corresponds to the squared bias. The bias here reflects the output of the estimated
function fD(x), in expectation across all datasets D. The variance term reflects how much
the prediction for x can vary, if we learn on di�erent iid datasets. This decomposition of
the mean-squared error into a squared bias and variance is not obvious, but does follow
similar steps to above. It is left as an exercise. We can then write this more generally, in
expectation over X as well

E[(fD(X) ≠ fú(X))2] = EX

Ë
(ED[fD(X)] ≠ fú(X))2 + VarD[fD(X)]

È
(12.2)

where we subscript each expectation with the variable we are taking the expectation over,
to be clear about the two sources of stochasticity.

A complex function class is likely to have low bias, but may have high variance because
it can overfit to each dataset. This means across di�erent datasets, we are likely to see very
di�erent functions and so the variance in the predictions f(x) will also vary significantly.
For example, if we have 100 data points for d = 3 dimensional inputs, and use a neural
network with one million parameters, then likely we will have high variance. The bias is also
likely low, since the true function for a three-dimensional input can likely be represented
by such a complex neural network—though of course it is possible that it cannot and we
still have some bias.

• GE is about a specific function f, rather than about a function class 
where we have  that varies with data f𝒟



Realizable vs Nonrealizable

• For linear regression, assuming true f* uses the same features, we were able to 
directly compare learned w to w*. Is this the realizable or nonrealizable setting? 

• What is the definition for an estimator being unbiased more generally, if we do 
not compare weights?
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(a) Realizable setting: f→
→ F
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← all functions

←
Space of
all functions

(b) Non-realizable setting: f→ /→ F

Figure 4.3: Visualizing the realizable and non-realizable settings. If f→ is representable
by our function class, then it is the realizable setting. For example, if F is all degree-4
polynomials, and f→ is a polynomial with p = 3, then f→

→ F and we are in the realizable
setting. On the other hand, if f→ is a polynomial with p = 6, then f→ /→ F and we are
in the non-realizable setting. For the realizable setting, it does not mean we will find f→

with polynomial regression on a given (finite) dataset. But, in the limit as we get more n,
polynomial regression will find this f→. For the non-realizable setting, in the limit we will
find the best approximation to f→. Of course, for either case, any function we learn will be
in F . For this example, with F the space of all degree-4 polynomials, we have labeled our
learned function f4 in the diagram, since it is a degree four polynomial.

guaranteed to behave reasonably, not just the mean. Most generalization bounds are
focused on exactly this. If you are interested in learning more, see Appendix A.10.

4.4 Generalization Error and Hyperparameters
We now better understand the role that ω plays in balancing bias and variance to get
minimal reducible error, and so minimal generalization error. However, this analysis was
only conceptual. We do not explicitly try to estimate bias and variance to find this optimal
value. Arguably, estimating bias is not possible, since we need f→ to estimate it. Our
conceptual reasoning about bias and variance help us understand properties of our chosen
function class and objective, and so identify a set of potential reasonable options. But
this conceptual reasoning is not necessarily a practical means to then select amongst these
several options.

Rather, we turn back to Section 4.1, where we used a test set to estimate generalization
error. We can split our dataset into a training set and test set, for example using 90% for
training and 10% for validation. We can then test several di!erent values of ω, such as
ω → {0.001, 0.01, 0.1, 1.0}, and pick the one that results in the best test error. We similarly
discussed doing this to assess underfitting and overfitting, to strike a balance between the
two, when picking the degree of the polynomial in Figure 4.1.

But, wait, haven’t we been told that we should never peek at the test set? It is commonly

𝔼[w(𝒟)] compared to w*



Recall bias-variance for a function class

• Understand that we can reason about function  as a random variable, 
where randomness comes from the underlying dataset


• Understand that we can reason about expected generalization error (across 
datasets) of a function class, by considering the bias and variance of this  


• Understand that reducible error of  decomposes into bias and variance


• For a specific x, we have

f𝒟

f𝒟

f𝒟
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using linear regression with regularization, we are introducing bias both from selecting a
simpler function class and from the regularization. If the true function is not linear, then
we cannot compare the learned weights for a linear function directly to the true function.

If a powerful basis is used to first transform the data, then we can learn nonlinear
functions even though the solution uses linear regression. In this case, it is feasible that
this function class is su�ciently powerful and includes the true function, and that the bias
is mostly due to regularization. But, in general, it will be di�cult to guarantee that we
have specified a function class that includes the true function, and it will be di�cult to
directly compare our parameters to true parameters (which may not even be of the same
dimension).

We can more generally talk about bias and variance by considering instead the reducible
error. In fact, the bias-variance trade-o� is all about reducing the reducible error. Recall
that the generalization error for the squared error decomposes into the reducible and irre-
ducible errors:

GE(f) = E[(f(X) ≠ Y )2] = E[(f(X) ≠ fú(X))2]
¸ ˚˙ ˝

reducible error

+E[(fú(X) ≠ Y )2]
¸ ˚˙ ˝

irreducible error

(12.1)

where fú(x) = E[Y |X = x].This fú could be a highly nonlinear function, and may not be
in our function class. For example, if we are learning a neural network with three hidden
layers, each of size 1024, with ReLU activations, then fú may not be in this set of functions.

We can write this reducible error in terms of the bias and variance of our learned function.
We write fD to emphasize that it is a random variable that depends on the dataset. We
can first consider the bias for a given input x,

E
Ë
(fD(x) ≠ fú(x))2

È
= (E [fD(x)] ≠ fú(x))2 + Var [fD(x)] .

Notice that in the second line, the expectation is now inside the squared distance; this
term corresponds to the squared bias. The bias here reflects the output of the estimated
function fD(x), in expectation across all datasets D. The variance term reflects how much
the prediction for x can vary, if we learn on di�erent iid datasets. This decomposition of
the mean-squared error into a squared bias and variance is not obvious, but does follow
similar steps to above. It is left as an exercise. We can then write this more generally, in
expectation over X as well

E[(fD(X) ≠ fú(X))2] = EX

Ë
(ED[fD(X)] ≠ fú(X))2 + VarD[fD(X)]

È
(12.2)

where we subscript each expectation with the variable we are taking the expectation over,
to be clear about the two sources of stochasticity.

A complex function class is likely to have low bias, but may have high variance because
it can overfit to each dataset. This means across di�erent datasets, we are likely to see very
di�erent functions and so the variance in the predictions f(x) will also vary significantly.
For example, if we have 100 data points for d = 3 dimensional inputs, and use a neural
network with one million parameters, then likely we will have high variance. The bias is also
likely low, since the true function for a three-dimensional input can likely be represented
by such a complex neural network—though of course it is possible that it cannot and we
still have some bias.



Exercise: bias-variance across x

• For a specific x, we have


• What is the bias-variance definition across all x?
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using linear regression with regularization, we are introducing bias both from selecting a
simpler function class and from the regularization. If the true function is not linear, then
we cannot compare the learned weights for a linear function directly to the true function.

If a powerful basis is used to first transform the data, then we can learn nonlinear
functions even though the solution uses linear regression. In this case, it is feasible that
this function class is su�ciently powerful and includes the true function, and that the bias
is mostly due to regularization. But, in general, it will be di�cult to guarantee that we
have specified a function class that includes the true function, and it will be di�cult to
directly compare our parameters to true parameters (which may not even be of the same
dimension).

We can more generally talk about bias and variance by considering instead the reducible
error. In fact, the bias-variance trade-o� is all about reducing the reducible error. Recall
that the generalization error for the squared error decomposes into the reducible and irre-
ducible errors:

GE(f) = E[(f(X) ≠ Y )2] = E[(f(X) ≠ fú(X))2]
¸ ˚˙ ˝

reducible error

+E[(fú(X) ≠ Y )2]
¸ ˚˙ ˝

irreducible error

(12.1)

where fú(x) = E[Y |X = x].This fú could be a highly nonlinear function, and may not be
in our function class. For example, if we are learning a neural network with three hidden
layers, each of size 1024, with ReLU activations, then fú may not be in this set of functions.

We can write this reducible error in terms of the bias and variance of our learned function.
We write fD to emphasize that it is a random variable that depends on the dataset. We
can first consider the bias for a given input x,

E
Ë
(fD(x) ≠ fú(x))2

È
= (E [fD(x)] ≠ fú(x))2 + Var [fD(x)] .

Notice that in the second line, the expectation is now inside the squared distance; this
term corresponds to the squared bias. The bias here reflects the output of the estimated
function fD(x), in expectation across all datasets D. The variance term reflects how much
the prediction for x can vary, if we learn on di�erent iid datasets. This decomposition of
the mean-squared error into a squared bias and variance is not obvious, but does follow
similar steps to above. It is left as an exercise. We can then write this more generally, in
expectation over X as well

E[(fD(X) ≠ fú(X))2] = EX

Ë
(ED[fD(X)] ≠ fú(X))2 + VarD[fD(X)]

È
(12.2)

where we subscript each expectation with the variable we are taking the expectation over,
to be clear about the two sources of stochasticity.

A complex function class is likely to have low bias, but may have high variance because
it can overfit to each dataset. This means across di�erent datasets, we are likely to see very
di�erent functions and so the variance in the predictions f(x) will also vary significantly.
For example, if we have 100 data points for d = 3 dimensional inputs, and use a neural
network with one million parameters, then likely we will have high variance. The bias is also
likely low, since the true function for a three-dimensional input can likely be represented
by such a complex neural network—though of course it is possible that it cannot and we
still have some bias.



Exercise: bias-variance across x

• For a specific x, we have


• What is the bias-variance definition across all x?


• Take expectation across the possible, from the data distribution


•  so sample  from  for this expectationp(x, y) = p(y |x)p(x) x p(x)
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using linear regression with regularization, we are introducing bias both from selecting a
simpler function class and from the regularization. If the true function is not linear, then
we cannot compare the learned weights for a linear function directly to the true function.

If a powerful basis is used to first transform the data, then we can learn nonlinear
functions even though the solution uses linear regression. In this case, it is feasible that
this function class is su�ciently powerful and includes the true function, and that the bias
is mostly due to regularization. But, in general, it will be di�cult to guarantee that we
have specified a function class that includes the true function, and it will be di�cult to
directly compare our parameters to true parameters (which may not even be of the same
dimension).

We can more generally talk about bias and variance by considering instead the reducible
error. In fact, the bias-variance trade-o� is all about reducing the reducible error. Recall
that the generalization error for the squared error decomposes into the reducible and irre-
ducible errors:

GE(f) = E[(f(X) ≠ Y )2] = E[(f(X) ≠ fú(X))2]
¸ ˚˙ ˝

reducible error

+E[(fú(X) ≠ Y )2]
¸ ˚˙ ˝

irreducible error

(12.1)

where fú(x) = E[Y |X = x].This fú could be a highly nonlinear function, and may not be
in our function class. For example, if we are learning a neural network with three hidden
layers, each of size 1024, with ReLU activations, then fú may not be in this set of functions.

We can write this reducible error in terms of the bias and variance of our learned function.
We write fD to emphasize that it is a random variable that depends on the dataset. We
can first consider the bias for a given input x,

E
Ë
(fD(x) ≠ fú(x))2

È
= (E [fD(x)] ≠ fú(x))2 + Var [fD(x)] .

Notice that in the second line, the expectation is now inside the squared distance; this
term corresponds to the squared bias. The bias here reflects the output of the estimated
function fD(x), in expectation across all datasets D. The variance term reflects how much
the prediction for x can vary, if we learn on di�erent iid datasets. This decomposition of
the mean-squared error into a squared bias and variance is not obvious, but does follow
similar steps to above. It is left as an exercise. We can then write this more generally, in
expectation over X as well

E[(fD(X) ≠ fú(X))2] = EX

Ë
(ED[fD(X)] ≠ fú(X))2 + VarD[fD(X)]

È
(12.2)

where we subscript each expectation with the variable we are taking the expectation over,
to be clear about the two sources of stochasticity.

A complex function class is likely to have low bias, but may have high variance because
it can overfit to each dataset. This means across di�erent datasets, we are likely to see very
di�erent functions and so the variance in the predictions f(x) will also vary significantly.
For example, if we have 100 data points for d = 3 dimensional inputs, and use a neural
network with one million parameters, then likely we will have high variance. The bias is also
likely low, since the true function for a three-dimensional input can likely be represented
by such a complex neural network—though of course it is possible that it cannot and we
still have some bias.
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using linear regression with regularization, we are introducing bias both from selecting a
simpler function class and from the regularization. If the true function is not linear, then
we cannot compare the learned weights for a linear function directly to the true function.
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where fú(x) = E[Y |X = x].This fú could be a highly nonlinear function, and may not be
in our function class. For example, if we are learning a neural network with three hidden
layers, each of size 1024, with ReLU activations, then fú may not be in this set of functions.

We can write this reducible error in terms of the bias and variance of our learned function.
We write fD to emphasize that it is a random variable that depends on the dataset. We
can first consider the bias for a given input x,

E
Ë
(fD(x) ≠ fú(x))2

È
= (E [fD(x)] ≠ fú(x))2 + Var [fD(x)] .

Notice that in the second line, the expectation is now inside the squared distance; this
term corresponds to the squared bias. The bias here reflects the output of the estimated
function fD(x), in expectation across all datasets D. The variance term reflects how much
the prediction for x can vary, if we learn on di�erent iid datasets. This decomposition of
the mean-squared error into a squared bias and variance is not obvious, but does follow
similar steps to above. It is left as an exercise. We can then write this more generally, in
expectation over X as well

E[(fD(X) ≠ fú(X))2] = EX

Ë
(ED[fD(X)] ≠ fú(X))2 + VarD[fD(X)]

È
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where we subscript each expectation with the variable we are taking the expectation over,
to be clear about the two sources of stochasticity.

A complex function class is likely to have low bias, but may have high variance because
it can overfit to each dataset. This means across di�erent datasets, we are likely to see very
di�erent functions and so the variance in the predictions f(x) will also vary significantly.
For example, if we have 100 data points for d = 3 dimensional inputs, and use a neural
network with one million parameters, then likely we will have high variance. The bias is also
likely low, since the true function for a three-dimensional input can likely be represented
by such a complex neural network—though of course it is possible that it cannot and we
still have some bias.



Exercise

• Imagine we are in the realizable setting and the true function is linear. We 
know our MLE estimator (regular old linear regresion) is an unbiased estimator


• This means . Does this mean that  
Recall that 

𝔼[w(𝒟)] = w* 𝔼[ fw(𝒟)(x)] = fw*(x)?
fw*(x) = ϕ(x)w*



Exercise

• Imagine we are in the realizable setting and the true function is linear. We 
know our MLE estimator (regular old linear regresion) is an unbiased estimator


• This means . Does this mean that  
Recall that 


• Ans: Yes. Notice 

𝔼[w(𝒟)] = w* 𝔼[ fw(𝒟)(x)] = fw*(x)?
fw*(x) = ϕ(x)w*

𝔼[ fw(𝒟)(x)] = 𝔼[ϕ(x)w(𝒟)] = ϕ(x)𝔼[w(𝒟)] = ϕ(x)w*



Discussion

• Why did we talk about bias-variance by comparing the weights, when we 
could have just always talked about the bias-variance for the functions?


• Why do we talk about bias-variance at all? Ultimately, we just care about how 
good our model is?


• Any other questions about GE and bias-variance?



Ch. 5: Optimization

• Understanding why the Hessian in the second-order update accounts for differences in 
curvature in different dimensions


• The mini-batch stochastic gradient descent (SGD) update rule


• Understanding why SGD is a more computationally efficient update than GD


• Understanding the importance of an adaptive vector stepsize, and that RMSProp and Adam 
use vector stepsizes


• Understanding the momentum update, used in Adam


• Will not directly test 

• Computing any weights, Hessians, etc., convergence theory and directional derivatives, 
knowing any of specific formulas (e.g, Adam, RMSProp, etc)



Some optimization questions

• We use . But when we did LR we used 

. Is this mismatch a problem?


• How do we write the Ridge Regression loss as ?

c(w) =
1
n

n

∑
i=1

ci(w)

c(w) = 1
2 ∥Φw − y∥2

2 +
λ
2

∥w∥2
2

c(w) =
1
n

n

∑
i=1

ci(w)



A normalized RR objective

• . What is ci?


•  because 


•   

and 


• Makes very clear that regularizer has a diminishing role with increasing n

1
2n

n

∑
i=1

(ϕ(x)iw − yi)2 +
λ

2n
∥w∥2

2

ci(w) = 1
2 (ϕiw − yi)2 +

λ
2n

∥w∥2
2

1
n

n

∑
i=1

1
2 ((ϕ(x)iw − yi)2 +

λ
2n

∥w∥2
2) = 1

2n

n

∑
i=1

(ϕ(x)iw − yi)2+ 1
n

n

∑
i=1

λ
2n

∥w∥2
2

1
n

n

∑
i=1

λ
2n

∥w∥2
2 = 1

n n
λ

2n
∥w∥2

2 =
λ

2n
∥w∥2

2



A normalized RR objective

• . What is ci?


• Therefore must have 


• Makes very clear that regularizer has a diminishing role with increasing n


• Question: What is the mini-batch SGD update for RR?

1
2n

n

∑
i=1

(ϕ(x)iw − yi)2 +
λ

2n
∥w∥2

2

ci(w) = 1
2 (ϕiw − yi)2 +

λ
2n

∥w∥2
2



Mini-batch SGD for RR

• Therefore must have 


• Question: What is the mini-batch SGD update for RR?


•  


• where 

ci(w) = 1
2 (ϕiw − yi)2 +

λ
2n

∥w∥2
2

wt+1 ← wt − ηt ⋅ 1
b ∑

i∈ℬ

∇ci(wt)

∇ci(w) = (ϕ⊤w − yi)xi +
λ
n

w

Why do we normalize the mini-batch by 1/b? We could absorb into stepsize? 
Any advantages to using 1/b to get the averaged stochastic gradient?



Exercise Question

• How might the size of the dataset n interact with the number of epochs that 
we need to converge?



Exercise Question

• How might the size of the dataset n interact with the number of epochs that 
we need to converge?


• Answer: With a very large dataset, we are doing more updates in each epoch 
and likely need fewer epochs to converge.



Chapter 6: GLMs

• Understand that Generalized Linear Models (GLMs) allow us to model


•  = any natural exponential family distribution with natural parameter 


• with associated transfer function  such that  approximates 


• Know that linear regression, Poisson regression, logistic regression and multinomial logistic 
regression are examples of GLMs and their corresponding transfers


• Know that the GLM objectives are convex


• Will not be directly tested: 

• Knowing specific GLM updates; if I need you to reason about one I will give it to you


• The details of exponential family distributions (5.2)

p(y |x) ϕ(x)w

g g(ϕ(x)w) 𝔼[Y |x]



Exercise Question

• Imagine you have multinomial logistic regression implemented. How would 
you use this code to do binary classification?



Exercise Question

• Imagine you have multinomial logistic regression implemented. How would 
you use this code to do binary classification?


• Transform dataset of (x,y) with y in {0,1} or y in {-1,1} to dataset with y in 
{[1,0], [0,1]}, then call multinonimal logistic regression on this



Exercise Question

• Imagine we want to predict targets 


• What GLM could we use?

y ∈ {0,1,2,3,…,20}



Exercise Question

• Imagine we want to predict targets 


• What GLM could we use?


• The targets are ordered, so using Poisson regression would be sensible. 
When actually deploying, if the model predicted > 20, then would return 20


• Could also use multinomial logistic regression, but this will just discard the 
potentially useful ordering to the data. (Why does this matter?)

y ∈ {0,1,2,3,…,20}



Exercise Question

• Imagine we use a nonlinear transformation  using RBF features


• We run SGD with large minibatches for millions of epochs on the Poisson 
regression loss, until convergence (very small gradients)


• Can we guarantee we are at a global minima, or could we be stuck in a local 
minima or saddlepoint?

ϕ(x)



Exercise Question

• Imagine we use a nonlinear transformation  using RBF features


• We run SGD with large minibatches for millions of epochs on the Poisson 
regression loss, until convergence (very small gradients)


• Can we guarantee we are at a global minima, or could we be stuck in a local 
minima or saddlepoint?


• What if instead we learned a nonlinear transformation on  using a neural 
network, again with the Poisson regression loss for millions of epochs?

ϕ(x)

x



Exercise Question

• Imagine we use a nonlinear transformation  using RBF features


• Can we guarantee we are at a global minima, or could we be stuck in a local 
minima or saddlepoint?


• Ans: Our Poisson regression objective is convex, for a fixed representation, 
even though the prediction itself is nonlinear in  due to using 


• What if instead we learned a nonlinear transformation on  using a neural 
network, again with the Poisson regression loss for millions of epochs?


• Ans: The objective is no longer convex, cannot guarantee global min

ϕ(x)

x ϕ(x)

x



Exercise Question

• What is instead we 1) initialize weights randomly in the NN and 2) freeze all 
the weights in the layers except the output layer,  


• For a given input , we pass through multiple fixed layers to get to the final 
layer  and make prediction 


• Imagine we train  for millions of epochs with the Poisson regression loss. 
Can we guarantee we are at a global minima, or could we be stuck in a local 
minima or saddlepoint?

W(1)

x
h(1) exp(h(1)W(1))

W(1)



Exercise Question

• What is instead we 1) initialize weights randomly in the NN and 2) freeze all the 
weights in the layers except the output layer,  


• For a given input , we pass through multiple fixed layers to get to the final layer 
 and make prediction 


• Imagine we train  for millions of epochs with the Poisson regression loss. 
Can we guarantee we are at a global minima, or could we be stuck in a local 
minima or saddlepoint?


• Ans: Yes. The network just provides another fixed representation ,  
(loss if convex for that last layer)

W(1)

x
h(1) exp(h(1)W(1))

W(1)

ϕ(x) ≐ h(1)



Exercise Question

• Imagine we use a nonlinear transformation  using RBF features


• We run SGD with large minibatches for millions of epochs on the Poisson 
regression loss, but now we also add l2 regularization.


• Can we guarantee we are at a global minima, or could we be stuck in a local 
minima or saddlepoint?

ϕ(x)



Exercise Question

• Imagine we use a nonlinear transformation  using RBF features


• We run SGD with large minibatches for millions of epochs on the Poisson 
regression loss, but now we also add l2 regularization.


• Can we guarantee we are at a global minima, or could we be stuck in a local 
minima or saddlepoint?


• Ans: Yes. The l2 regularizer is convex in the weights, and the sum of two 
convex functions is again convex

ϕ(x)



• Optimization of the form      for smooth c, nonsmooth r


• Understand need to use a different approach due to nonsmooth r, including for 
constrained optimization


• Proximal update: 


• That we use proximal GD with l1 regularization, and that l1 regularization on the weights 
encourages weights to be zero


• Will not test 

• Specific proximal operators


• Vector stepsizes or momentum with proximal operators; we only did scalar stepsizes


• I will not get you to derive solutions with Lagrangians (Section 7.3)

min
w∈ℝp

c(w) + r(w)

wt+1 = proxηtr
(wt − ηt ∇c(wt))

Chapter 7: Constrained Optimization



Proximal operators

• Optimize with smooth  and non-smooth 


• To solve  we break it into two steps


• GD Step: 


• Projection step:  where the proximal operator is


•

c(w) r(w)

min
w∈ℝd

c(w) + r(w)

w̃t+1 = wt − η∇c(wt)

wt+1 = proxηr(w̃t+1)

proxηr(u) = arg min
w∈ℝd

1
2

∥w − u∥2
2 + ηr(w)



Simple example of a proximal operator

• You solved for  for 


• Let’s do another simple example with 


• Not necessary to use proximal gradient descent for this regularizer, because it 
is smooth, so it can just be included in c. But, we can if we want


• Note: we cannot do the other way. We cannot take nonsmooth parts and just 
include them in c, because we must be able to take the gradient of c for the 
first part of the proximal update 

proxηr(u) = arg min
w∈ℝd

1
2

∥w − u∥2
2 + ηr(w) r(w) = λ∥w∥1

r(w) =
λ
2

∥w∥2



Proximal operator for l2-regularization

• 


• Closed-form solution is given by 


• 


• Implies  


• Self-test: What exactly is  here?

prox
ηt

λ
2 ℓ2

(w̃t+1) = arg min
w∈ℝd

1
2

∥w − w̃t+1∥2
2 + ηtλ

1
2

∥w∥2
2

∇( 1
2

∥w − w̃t+1∥2
2 + ηtλ

1
2

∥w∥2
2) = w − w̃t+1 + ηtλw = 0

w = (1 + ηtλ)−1w̃t+1 = (1 + ηtλ)−1(wt − ηt ∇c(wt))

prox
ηt

λ
2 ℓ2

(w̃t+1)



Chapter 8: Cross Validation

• Understand that cross validation allows us to estimate GE of a model trained on 
the entire dataset, without having to have a hold-out test set


• Understand the k-fold CV algorithm


• Understand the repeated random subsampling (RRS) CV algorithm


• General role k and p play in the bias of our GE estimator (outlined in these slides)


• Will not test 

• The more detailed nuances about the bias-variance distinctions for different 
CV choices



Chapter 8: Cross Validation

• Know what it means to select hyperparameters


• Understand the utility of CV for hyperparameter selection


• Understand the difference between internal CV and external CV in nested CV


• internal CV is for hyperparameter selection and external is to evaluate the 
algorithm that might use internal CV


• Will not be directly tested: 

• Knowing how to pick the set of hyperparameters to be tested with CV



Exercise Question
Do we have to use nested cross-validation?

• When should we use a single train-validation-test split?



Exercise Question
Do we have to use nested cross-validation?

• When should we use a single train-validation-test split?


• We have a massive dataset, so can make train, validation and test big


• And sometimes compromise if our model is very expensive to train, making 
CV impractical to use



Exercise Question
Do we have to use nested cross-validation?

• When should we use a single train-validation-test split? 


• Why does CV only have train and test partitions? Why aren’t there also three 
datasets (train, validation and test)?



Exercise Question
Do we have to use nested cross-validation?

• When should we use a single train-validation-test split? 


• Why does CV only have train and test partitions? Why aren’t there also three 
datasets (train, validation and test)?


• Validation is used for hyperparameter selection (role of internal CV)


• Test is used for evaluation of the final function (role of external CV)


• CV uses the whole dataset for both evaluation and training, so it actually 
only makes splits for evaluation, and trains on the entire dataset



Exercise Question
Do we have to use nested cross-validation?

• When should we use a single train-validation-test split?


• Why does CV only have train and test partitions? Why aren’t there also three 
datasets (train, validation and test)?


• Do we have to use nested cross validation? Can we use a single train-test 
split externally, and k-fold CV internally?


•



Exercise Question
Do we have to use nested cross-validation?

• When should we use a single train-validation-test split?


• Why does CV only have train and test partitions? Why aren’t there also three 
datasets (train, validation and test)?


• Do we have to use nested cross validation? Can we use a single train-test 
split externally, and k-fold CV internally?


• Yes! The learner uses CV to algorithmically set its hyperparameters. We can 
evaluate this learner in any way we want (external CV or one train-test split)



Exercise Question
Do we have to use nested cross-validation?

• When should we use a single train-validation-test split?


• Why does CV only have train and test partitions? Why aren’t there also three 
datasets (train, validation and test)?


• Do we have to use nested cross validation? Can we use a single train-test 
split externally, and k-fold CV internally?


• Can we use a single train-validation split internally, and CV externally?



Exercise Question
Do we have to use nested cross-validation?

• When should we use a single train-validation-test split?


• Why does CV only have train and test partitions? Why aren’t there also three 
datasets (train, validation and test)?


• Do we have to use nested cross validation? Can we use a single train-test 
split externally, and k-fold CV internally?


• Can we use a single train-validation split internally, and CV externally?


• Yes! The learner uses a validation set to algorithmically set its 
hyperparameters. We can evaluate this learner in any way we want.



Exercise Question
Do we have to use nested cross-validation?

• When should we use a single train-validation-test split?


• Why does CV only have train and test partitions? Why aren’t there also three 
datasets (train, validation and test)?


• Do we have to use nested cross validation? Can we use a single train-test 
split externally, and k-fold CV internally?


• Can we use a single train-validation split internally, and CV externally?


• Should we do either of these?



Chapter 9: Latent Factors

• Understand that PCA extracts a lower-dimensional representation 


• Understand the objective underlying PCA (minimize  for every x)


• Understand that sparse coding similarly minimizes , but additionally has an 
l1 regularizer on h to find a high-dimensional sparse representation


• Will not be directly tested: 

• PPCA


• Algorithms for PCA and sparse coding


• Interpretations of latent factors (was only for intuition about what might be learned)

∥x − hD∥2
2

∥x − hD∥2
2
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Exercise Question

• Imagine we first expand the dimension using a kernel representation, going 
from 10 features to 5000. 


• Imagine we compute the SVD of Phi, and the top 100 singular values are 
reasonably big, and the rest are relatively small. 


• We decide to use PCA to get 100 features (i.e., use the computed SVD and 
take the top k singular vectors as the new representation). 


• How do we interpret these 100 features?



Chapter 10: Neural Networks

• Understand transformation on the input given by a simple feedforward neural 
network


• series of linear functions composed with simple activations


• Understand that backpropagation is gradient descent


• Understand can use different architectures: skip connections, convolutions, 
sparse connectivity


• Will not test 

• You will not need to derive gradients for an NN, nor know the backprop 
update formulas



Exercise Question

• We discussed that many transformations consist of (1) linear weighting 
followed by (2) nonlinear activation (differentiable almost everywhere)


• What are some other activations we could consider using in a network, 
beyond the three we discussed (ReLU, sigmoid, tanh)? Why would these be 
reasonable?



Exercise Question
Assume we are predicting a scalar target

• Write down the set of functions  obtained using a kernel representation 
with kernel k, and a random subset of 100 points from the training data as 
centers, giving features  (assume  space of possible inputs )


• Write down the set of functions  obtained using an NN with one hidden 
layers of size 256, with ReLu activations, for regression

ℱ1

ϕ(x) ∈ ℝ101 𝒳 x

ℱ2



Exercise Question
Assume we are predicting a scalar target

• Write down the set of functions  obtained using a kernel representation 
with kernel k, and a random subset of 100 points from the training data as 
centers, giving features  (assume  space of possible inputs )


• Ans: 


• Write down the set of functions  obtained using an NN with one hidden 
layers of size 256, with ReLu activations, for regression 


• Ans: 

ℱ1

ϕ(x) ∈ ℝ101 𝒳 x

ℱ1 = {f : 𝒳 → ℝ : f(x) = ϕ(x)w for any w ∈ ℝ101}

ℱ2

ℱ2 = {f : 𝒳 → ℝ : f(x) = ReLU(xW(2))W(1) for any W(1) ∈ ℝ256×1, W(2) ∈ ℝd×256}



Exercise Question

• Write down the set of functions  obtained using a kernel representation 
with kernel k, and a random subset of 100 points from the training data as 
centers, giving features  (assume  space of possible inputs )


• Write down the set of functions  obtained using an NN with one hidden 
layers of size 256, with ReLu activations, for regression 


• If I told you that an  is a subset of , what does that mean? Which class 
has higher complexity (or capacity)?


• How do you know one is a subset of the other? Is  a subset of  here?

ℱ1

ϕ(x) ∈ ℝ101 𝒳 x

ℱ2

ℱ1 ℱ2

ℱ1 ℱ2



Exercise Question

• Recall bias-variance decomposition




• Imagine  is a subset of 


• Do you think  or  has higher bias?


• Do you think  or  has higher variance?

CHAPTER 12. GENERALIZATION THEORY BASICS 117

using linear regression with regularization, we are introducing bias both from selecting a
simpler function class and from the regularization. If the true function is not linear, then
we cannot compare the learned weights for a linear function directly to the true function.

If a powerful basis is used to first transform the data, then we can learn nonlinear
functions even though the solution uses linear regression. In this case, it is feasible that
this function class is su�ciently powerful and includes the true function, and that the bias
is mostly due to regularization. But, in general, it will be di�cult to guarantee that we
have specified a function class that includes the true function, and it will be di�cult to
directly compare our parameters to true parameters (which may not even be of the same
dimension).

We can more generally talk about bias and variance by considering instead the reducible
error. In fact, the bias-variance trade-o� is all about reducing the reducible error. Recall
that the generalization error for the squared error decomposes into the reducible and irre-
ducible errors:

GE(f) = E[(f(X) ≠ Y )2] = E[(f(X) ≠ fú(X))2]
¸ ˚˙ ˝

reducible error

+E[(fú(X) ≠ Y )2]
¸ ˚˙ ˝

irreducible error

(12.1)

where fú(x) = E[Y |X = x].This fú could be a highly nonlinear function, and may not be
in our function class. For example, if we are learning a neural network with three hidden
layers, each of size 1024, with ReLU activations, then fú may not be in this set of functions.

We can write this reducible error in terms of the bias and variance of our learned function.
We write fD to emphasize that it is a random variable that depends on the dataset. We
can first consider the bias for a given input x,

E
Ë
(fD(x) ≠ fú(x))2

È
= (E [fD(x)] ≠ fú(x))2 + Var [fD(x)] .

Notice that in the second line, the expectation is now inside the squared distance; this
term corresponds to the squared bias. The bias here reflects the output of the estimated
function fD(x), in expectation across all datasets D. The variance term reflects how much
the prediction for x can vary, if we learn on di�erent iid datasets. This decomposition of
the mean-squared error into a squared bias and variance is not obvious, but does follow
similar steps to above. It is left as an exercise. We can then write this more generally, in
expectation over X as well

E[(fD(X) ≠ fú(X))2] = EX

Ë
(ED[fD(X)] ≠ fú(X))2 + VarD[fD(X)]

È
(12.2)

where we subscript each expectation with the variable we are taking the expectation over,
to be clear about the two sources of stochasticity.

A complex function class is likely to have low bias, but may have high variance because
it can overfit to each dataset. This means across di�erent datasets, we are likely to see very
di�erent functions and so the variance in the predictions f(x) will also vary significantly.
For example, if we have 100 data points for d = 3 dimensional inputs, and use a neural
network with one million parameters, then likely we will have high variance. The bias is also
likely low, since the true function for a three-dimensional input can likely be represented
by such a complex neural network—though of course it is possible that it cannot and we
still have some bias.

ℱ1 ℱ2

ℱ1 ℱ2

ℱ1 ℱ2



Exercise Question

• Recall bias-variance decomposition




• Imagine  is a subset of 


• Do you think  or  has higher bias? Ans: Yes, equal or higher bias


• Do you think  or  has higher variance? Ans: No, equal or lower variance

CHAPTER 12. GENERALIZATION THEORY BASICS 117

using linear regression with regularization, we are introducing bias both from selecting a
simpler function class and from the regularization. If the true function is not linear, then
we cannot compare the learned weights for a linear function directly to the true function.

If a powerful basis is used to first transform the data, then we can learn nonlinear
functions even though the solution uses linear regression. In this case, it is feasible that
this function class is su�ciently powerful and includes the true function, and that the bias
is mostly due to regularization. But, in general, it will be di�cult to guarantee that we
have specified a function class that includes the true function, and it will be di�cult to
directly compare our parameters to true parameters (which may not even be of the same
dimension).

We can more generally talk about bias and variance by considering instead the reducible
error. In fact, the bias-variance trade-o� is all about reducing the reducible error. Recall
that the generalization error for the squared error decomposes into the reducible and irre-
ducible errors:

GE(f) = E[(f(X) ≠ Y )2] = E[(f(X) ≠ fú(X))2]
¸ ˚˙ ˝

reducible error

+E[(fú(X) ≠ Y )2]
¸ ˚˙ ˝

irreducible error

(12.1)

where fú(x) = E[Y |X = x].This fú could be a highly nonlinear function, and may not be
in our function class. For example, if we are learning a neural network with three hidden
layers, each of size 1024, with ReLU activations, then fú may not be in this set of functions.

We can write this reducible error in terms of the bias and variance of our learned function.
We write fD to emphasize that it is a random variable that depends on the dataset. We
can first consider the bias for a given input x,

E
Ë
(fD(x) ≠ fú(x))2

È
= (E [fD(x)] ≠ fú(x))2 + Var [fD(x)] .

Notice that in the second line, the expectation is now inside the squared distance; this
term corresponds to the squared bias. The bias here reflects the output of the estimated
function fD(x), in expectation across all datasets D. The variance term reflects how much
the prediction for x can vary, if we learn on di�erent iid datasets. This decomposition of
the mean-squared error into a squared bias and variance is not obvious, but does follow
similar steps to above. It is left as an exercise. We can then write this more generally, in
expectation over X as well

E[(fD(X) ≠ fú(X))2] = EX

Ë
(ED[fD(X)] ≠ fú(X))2 + VarD[fD(X)]

È
(12.2)

where we subscript each expectation with the variable we are taking the expectation over,
to be clear about the two sources of stochasticity.

A complex function class is likely to have low bias, but may have high variance because
it can overfit to each dataset. This means across di�erent datasets, we are likely to see very
di�erent functions and so the variance in the predictions f(x) will also vary significantly.
For example, if we have 100 data points for d = 3 dimensional inputs, and use a neural
network with one million parameters, then likely we will have high variance. The bias is also
likely low, since the true function for a three-dimensional input can likely be represented
by such a complex neural network—though of course it is possible that it cannot and we
still have some bias.

ℱ1 ℱ2

ℱ1 ℱ2

ℱ1 ℱ2



Chapter 11: Regularization for NNs

• Understand that linear autoencoders also extract a low-dimensional 
representation like PCA


• Understand we can use the reconstruction loss as an auxiliary loss


• Will not be directly tested: 

• Good to know about the ability to use auxiliary losses, but will not be 
directly tested on supervised autoencoders


• Will not be tested on Section 11.3 (double descent)



Exercise

• We saw a linear autoencoder is equivalent to PCA


•  with bottleneck ( 


• What if we use a multilayer autoencoder with nonlinear activations?


• 


• What is the size of the output, ?


• What loss do we use to train this multilayer autoencoder?

fw(x) = xW(2)W(1) W(2) ∈ ℝd×k, W(1) ∈ ℝk×d, k < d

fw(x) = f1( f2( f3(xW(3))W(2))W(1))

fw(x)



Exercise

• We saw a linear autoencoder is equivalent to PCA


• What if we use a multilayer autoencoder with nonlinear activations


• 


• What is the size of the output, ?


• Ans: Same size as , because we are trying to reconstruct 


• What loss do we use to train this multilayer autoencoder?


• Ans: Reconstruction error to  (e.g., squared-error loss )

fw(x) = f1( f2( f3(xW(3))W(2))W(1))

fw(x)

x x

x ∥x − x̂∥2
2



Chapter 12: Mixture Models

• Understand how we sample from mixture models 


• Understand that the EM algorithm consists of (a) the introduction of auxiliary variables z 
(which component of the mixture a sample belongs to) and (b) alternating between 
updating  and parameters 


• Understand that the E-step updates  for fixed , and the M-step updates  for 
fixed  with each component updated independently using a (weighted) log-
likelihood


• Will not be directly tested: 

• You do not need to memorize the EM algorithm, but you should be able to recognize key 
components of it

p(zi |xi) w

p(zi |xi) w w
p(zi |xi)



EM Algorithm for any component distribution 

Which part is the E step (update )  
and which is the M step (update )?

p(zi |xi)
w

CHAPTER 12. SIMPLE GENERATIVE MODELS: MIXTURE MODELS 126

Algorithm 10: EM for any component distribution
1: Input: number of components m, with components distributions p(·|ω1), . . . , p(·|ωm)
2: Initialize ω(0)

k
and ε(0)

k
for all k → 1 to m, t = 0

3: while not converged do
4: pt[i, k] = ω

(t)
k

p(xi|ω(t)
k

)∑
m

j=1 ω
(t)
j

p(xi|ω(t)
j

)
for all i → {1, 2, . . . , n}, k → {1, 2, . . . , m}

5: Compute pt[k] def= 1
n

∑
n

i=1 pt[i, k]
6: for k → {1, 2, . . . , m} do
7: ε(t+1)

k
= pt[k]

8: ω(t+1)
k

= argminωk
↑

∑
n

i=1 pt[i, k] ln p(xi|ωk)
9: t ↓ t + 1

10: return εt

k
, ω(t)

k
for all k → {1, 2, . . . , m}

initialized the covariance matrices to be very small instead?

Algorithm 10 can be modified to use other component distributions, simply by solving
Equation 8 for your chosen distribution. You can even have di!erent distributions for
di!erent components, since they are solved independently. To be concrete, we provided
the updates for Gaussian distributions, but the above can be generically done for other
distribution. Similar update rules can be obtained for di!erent probability distributions,
where the derivatives for the mixture parameters will be slightly di!erent but the solution
for the coe"cients ε is actually the same.

Exercise 39: Rewrite Algorithm 10 with component distributions corresponding to
exponential distributions.

Exercise 40: Rewrite Algorithm 10 with two components distributions, one Gaus-
sian and one exponential.

Exercise 41: We could also use a mixture model with component distributions
that are categorical. For example, for a discrete random variable with categories
{1, 2, . . . , s} with s = 25, we could define a mixture model with m = 3 and three
categorical distributions. Show that this does not provide additional modeling power
beyond using a single categorical distribution.

w = (θ, α)



EM Algorithm for any component distribution 

Which part is the E step (update )  
and which is the M step (update )?

p(zi |xi)
w

CHAPTER 12. SIMPLE GENERATIVE MODELS: MIXTURE MODELS 126

Algorithm 10: EM for any component distribution
1: Input: number of components m, with components distributions p(·|ω1), . . . , p(·|ωm)
2: Initialize ω(0)

k
and ε(0)

k
for all k → 1 to m, t = 0

3: while not converged do
4: pt[i, k] = ω

(t)
k

p(xi|ω(t)
k

)∑
m

j=1 ω
(t)
j

p(xi|ω(t)
j

)
for all i → {1, 2, . . . , n}, k → {1, 2, . . . , m}

5: Compute pt[k] def= 1
n

∑
n

i=1 pt[i, k]
6: for k → {1, 2, . . . , m} do
7: ε(t+1)

k
= pt[k]

8: ω(t+1)
k

= argminωk
↑

∑
n

i=1 pt[i, k] ln p(xi|ωk)
9: t ↓ t + 1

10: return εt

k
, ω(t)

k
for all k → {1, 2, . . . , m}

initialized the covariance matrices to be very small instead?

Algorithm 10 can be modified to use other component distributions, simply by solving
Equation 8 for your chosen distribution. You can even have di!erent distributions for
di!erent components, since they are solved independently. To be concrete, we provided
the updates for Gaussian distributions, but the above can be generically done for other
distribution. Similar update rules can be obtained for di!erent probability distributions,
where the derivatives for the mixture parameters will be slightly di!erent but the solution
for the coe"cients ε is actually the same.

Exercise 39: Rewrite Algorithm 10 with component distributions corresponding to
exponential distributions.

Exercise 40: Rewrite Algorithm 10 with two components distributions, one Gaus-
sian and one exponential.

Exercise 41: We could also use a mixture model with component distributions
that are categorical. For example, for a discrete random variable with categories
{1, 2, . . . , s} with s = 25, we could define a mixture model with m = 3 and three
categorical distributions. Show that this does not provide additional modeling power
beyond using a single categorical distribution.

w = (θ, α)

E-step

M-step



Chapter 13: Generative Models using Data Reps
• Understand that both PPCA and VAEs make the assumption that


•  with 


• Understand that PPCA assumes a linear relationship between  and  
 


• And that VAE generalizes to a nonlinear relationship, using NN   to give



• Understand how to sample from a VAE


• Step 1: Sample  and then 


• Step 2: Return                      (where  is the decoder part of the network)

p(x) = ∫ p(x |h)p(h)dh p(h) = 𝒩(0, I)

x h
p(x |h) = 𝒩(hD, σ2I)

fW
p(x |h) = 𝒩( fW(h), σ2I)

h ∼ 𝒩(0, I)

fW(h) fW



Visualizing this function
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• VAE generalizes to a nonlinear relationship, using NN   to give



• Understand how to sample from a VAE


• Step 1: Sample  and then 


• Step 2: Return  or sample 

fW
p(x |h) = 𝒩( fW(h), σ2I)

h ∼ 𝒩(0, I)

fW(h) x ∼ 𝒩( fW(h), σ2I)



Chapter 12: VAEs (cont)

• Understand our goal is to minimize 


• But that this is hard to because  involves an integral over hidden 


• Understand that we learn the encoder  only as part of the 
optimization, to help us learn ; we do not need  itself for 
deployment


• Understand that we derive the VAE objective by starting with 
 and rearranging terms to get 

 (the negative ELBO) 

n

∑
i=1

− ln p(xi |W)

p(xi |W) h

q(h |x)
p(x |h) q(h |x)

−ln p(x |W) + DKL(qθ( ⋅ |x) | |p( ⋅ |x, W))
DKL(qθ( ⋅ |x) | |𝒩(0,I)) − 𝔼h∼qθ(⋅|x)[ln p(x |h, W)]



Discussion questions

• Why is our minimization   ?


• (And why do we write  instead of ?)


• Why is it equivalent to instead minimize the negative ELBO? 



• How does this look if I maximize the ELBO?


• If we change  to , then 
do we also have to change the distribution ? 

min
W,θ

− ln p(x |W) + DKL(qθ( ⋅ |x) | |p( ⋅ |x, W))

qθ( ⋅ |x) q( ⋅ |x, θ)

min
W,θ

DKL(q( ⋅ |x) | |𝒩(0,I)) − 𝔼h∼q(⋅|x)[ln p(x |h, W)]

p(x |h) = 𝒩( fW(h), σ2I) p(x |h) = Bernoulli( fW(h))
p(h) = 𝒩(0, I)



Exercise: which part is q and p?

Putting it all together : use SGD to ophmize
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• Recall we parameterized our encoder as 
q(h |x, θ) = 𝒩( fμ,θ(x), fσ,θ(x))



Chapter 12: VAEs (cont)

• Understand our goal is to minimize 


• But that this is hard to because  involves an integral over hidden 


• Understand that we learn the encoder  only as part of the optimization, to 
help us learn ; we do not need  itself for deployment


• Understand that we derive the VAE objective by starting with 
 and rearranging terms to get 

 (the negative ELBO)


•  Understand why we use the reparameterization trick to get the gradient

n

∑
i=1

− ln p(xi |W)

p(xi |W) h

q(h |x)
p(x |h) q(h |x)

−ln p(x |W) + DKL(qθ( ⋅ |x) | |p( ⋅ |x, W))
DKL(qθ( ⋅ |x) | |𝒩(0,I)) − 𝔼h∼qθ(⋅|x)[ln p(x |h, W)]



Exercise: Reparameterization trick
• Recall we parameterized our encoder as 


• We used reparameterization
 


• Q1: What is the dimension of ? How is this sampled?


• Q2: What if we decided we wanted discrete hidden h and used 
? How does the NN change? Can we still use 

reparam?

q(h |x, θ) = 𝒩( fμ,θ(x), fσ,θ(x))

𝔼h∼q(⋅|x)[ln p(x |h, W)] = 𝔼ϵ∼𝒩(0,I)[ln p(x |hj = μj(x) + σj(x)ϵj, W)]

ϵ ∼ 𝒩(0, I)

q(h |x, θ) = softmax( fθ(x))

Putting it all together : use SGD to ophmize

[D (gol) (I N(0 ,11) - (np(u)ho(x , E). w)]min Essen
,Empathe

w
,
O

Ce (0 , W)

① Sample his is .. sample xivD ,
ENCO ,I)

Forward pass
g(5)

1 loss 11-clla"
② h15] y W(2) Wal

x

-
Mana

j
O
(2)

j H f jJ -

E

=

ap(x) g(3) h"
g()

+ KL-divergence Fixed layer jj(
W"= W" - I I"

③ Backward pass ga : f(h "W"l
- x

W( = W( g((
*)

gazz -
propagateeand j

"

① continue to encoder. S" = &Wis'" In"



Exercise: Reparameterization trick
• Recall we parameterized our encoder as 


• We used reparameterization
 


• Q1: What is the dimension of ? How is this sampled? 


• Ans: size of h (size k), independently get k samples from a normal distribution 


• Q2: What if we decided we wanted discrete hidden h and used 
? How does the NN change? Can we still use reparam?


• Ans: If the number of discrete items is m (h in {1, 2, …, m}), the hidden dimension is k*m 
sized, i.e., softmax outputs repeated k times (one for each h1, …, hk that will be sampled)


• It is not longer straightforward to use reparameterization

q(h |x, θ) = 𝒩( fμ,θ(x), fσ,θ(x))

𝔼h∼q(⋅|x)[ln p(x |h, W)] = 𝔼ϵ∼𝒩(0,I)[ln p(x |hj = μj(x) + σj(x)ϵj, W)]

ϵ ∼ 𝒩(0, I)

𝒩(0,1)

q(h |x, θ) = softmax( fθ(x))



Exercise

• To sample from a VAE, we use


• Step 1: Sample  and then 


• Step 2: query the decoder part of the VAE network 


• Why don’t we sample  from ?

h ∼ 𝒩(0, I)

fW(h)

h q(h |x)



Chapter 13: Conditional VAEs
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Chapter 13: VAEs (cont)
• Will not be directly tested  

• Memorizing the VAE objective (I will give you formulas)


• Memorizing the gradient update for the VAE


• The connection to Expectation-Maximization (9.3)


• Deriving the gradient with the reparameterization trick



Chapter 13: Evaluating Generative Models

•
Understand goal is to estimate 


• Understand that can easily compute this for a mixture model, as long as easy 
to compute  for each component


• Understand that this is hard to compute for VAEs, must be estimated, and 
that we again leveraged  to do so 

• Will not be directly tested  

• the exact importance sampling algorithm to estimate this GE for VAEs

̂GE(θ) =
1
m ∑

xi∈𝒟test

− ln p(xi |θ)

−ln p(xi |θk)

qθ(h |x)



Exercise

• How would you use k-fold CV to pick the number of centers for a Gaussian 
Mixture Model (GMM)?



Exercise

• How would you use k-fold CV to pick the number of centers for a Gaussian Mixture 
Model (GMM)?


• Answer: You would decide on the set of numbers to select from,  
e.g., H = {2, 4, 8, 16}


• After partitioning the data into k folds, for each hyper m in H and each fold f


• Learn the GMM  on all but fold f


• Evaluate on fold f, by computing the negative log likelihood on the data  

̂p

∑
x∈fold f

− ln ̂p(x)



Exercise

• Can we take a mixture over VAE components?



Exercise
• Can we take a mixture over VAE components?


• Yes! Not sure its useful, but seems fun. Go back to the MM algorithms and 
see if you can figure out how to do it byCHAPTER 12. SIMPLE GENERATIVE MODELS: MIXTURE MODELS 126

Algorithm 10: EM for any component distribution
1: Input: number of components m, with components distributions p(·|ω1), . . . , p(·|ωm)
2: Initialize ω(0)

k
and ε(0)

k
for all k → 1 to m, t = 0

3: while not converged do
4: pt[i, k] = ω

(t)
k

p(xi|ω(t)
k

)∑
m

j=1 ω
(t)
j

p(xi|ω(t)
j

)
for all i → {1, 2, . . . , n}, k → {1, 2, . . . , m}

5: Compute pt[k] def= 1
n

∑
n

i=1 pt[i, k]
6: for k → {1, 2, . . . , m} do
7: ε(t+1)

k
= pt[k]

8: ω(t+1)
k

= argminωk
↑

∑
n

i=1 pt[i, k] ln p(xi|ωk)
9: t ↓ t + 1

10: return εt

k
, ω(t)

k
for all k → {1, 2, . . . , m}

initialized the covariance matrices to be very small instead?

Algorithm 10 can be modified to use other component distributions, simply by solving
Equation 8 for your chosen distribution. You can even have di!erent distributions for
di!erent components, since they are solved independently. To be concrete, we provided
the updates for Gaussian distributions, but the above can be generically done for other
distribution. Similar update rules can be obtained for di!erent probability distributions,
where the derivatives for the mixture parameters will be slightly di!erent but the solution
for the coe"cients ε is actually the same.

Exercise 39: Rewrite Algorithm 10 with component distributions corresponding to
exponential distributions.

Exercise 40: Rewrite Algorithm 10 with two components distributions, one Gaus-
sian and one exponential.

Exercise 41: We could also use a mixture model with component distributions
that are categorical. For example, for a discrete random variable with categories
{1, 2, . . . , s} with s = 25, we could define a mixture model with m = 3 and three
categorical distributions. Show that this does not provide additional modeling power
beyond using a single categorical distribution.



Exercise

• Can we take a mixture over VAE components?


• Yes! Not sure its useful, but seems fun. Go back to the MM algorithms and 
see if you can figure out how to do it by


• Is this still easy to evaluate, in terms of negative log-likelihood?



Chapter 15: Missing Data

• Understand how to do imputation using PCA (matrix factorization), including 
training with missing data and using the model for new data


• Understand how to do imputation using an autoencoder, including training 
with missing data and using the model for new data


• Understand the difference between the two stage approach (impute then 
hand to learning algorithm) versus the direct approach (missingness indicator)


• Will not be tested 

• Connections to the transductive and semi-supervised settings



Notation check

• What does  mean?x𝒜i



Notation check

• What does  mean?


• The entries in  that correspond to the indices in 


• We write  to refer to the part of the array where values are missing. We use 
this to talk about directly optimizing for 

x𝒜i

x 𝒜i

xℳi

xℳi



Exercise: PCA (matrix completion)

• In PCA we solved for 


• In PCA with missing data, 


• Q: Why didn’t we just set  (set unavailable values to zero) and call 
PCA? Will we get back the same h’s and D as using the above optimization?

min
h1,h2,…,hn∈ℝp,D∈ℝp×d

n

∑
i=1

d

∑
j=1

(xij − hiD:j)2

min
h1,h2,…,hn∈ℝp,D∈ℝp×d

n

∑
i=1

∑
j∈𝒜i

(xij − hiD:j)2

xℳi
= 0



Exercise: PCA (matrix completion)

• In PCA we solve for 


• In PCA with missing data, 


• Q: Why didn’t we just set  (set unavailable values to zero) and call 
PCA? Will we get back the same h’s and D as using the above optimization? 


• No. But we do if we explicitly minimize over 

min
h1,h2,…,hn∈ℝp,D∈ℝp×d

n

∑
i=1

d

∑
j=1

(xij − hiD:j)2

min
h1,h2,…,hn∈ℝp,D∈ℝp×d

n

∑
i=1

∑
j∈𝒜i

(xij − hiD:j)2

xℳi
= 0

xℳi



More general loss we use

• In PCA we solve for 


• For autoencoder, 


• We need this more general purpose loss for the autoencoder, because we cannot 
use the following objective. Why? 

 

min
x1,ℳ1

,…,xn,ℳn

min
h1,h2,…,hn∈ℝp,D∈ℝp×d

n

∑
i=1

d

∑
j=1

(xij − hiD:j)2

min
x1,ℳ1

,…,xn,ℳn

min
W

n

∑
i=1

d

∑
j=1

(xij − fW(xi))2

min
W

n

∑
i=1

∑
j∈𝒜i

(xij − fW(xi))2



Exercise

• Our goal in direct prediction was to learn an NN that 
conditions on 


• What if we knew that we would only ever see feature 1 or 
feature 2 missing. We decide to train three NNs: one using 
only features 2 to d, one using only features 1, 3 to d and 
one using all features. 


• Q: In deployment, how do you use these three models?


• Q: How might you train these?


• Q: Is this also learning a model that conditions on  ?

(x𝒜, ℳ)

(x𝒜, ℳ)
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Chapter 15: Uncertainty estimation

• Understand that we might want to know distribution over plausible values of , 
given the evidence (data)


• Understand that this allows us to also obtain a distribution over our predictions, 
and so construct credible intervals 


• Understand why the posterior and credible interval shrink with growing n


• Will not test you on 

• Memorizing the formulas for Bayesian linear regression


• The Normal-inverse gamma distribution

w

[ fw(x) − ϵ, fw(x) + ϵ]
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Chapter 16: Uncertainty estimation
• Understand that we can use fixed representations + Bayesian linear 

regression to get nonlinear regressors + credible intervals


• Understand that we can use bootstrap resampling to estimate uncertainty for 
neural networks


• Understand that we sample m datasets with replacement from all the 
training data, and that we train an NN  from scratch on each dataset k


• We use this ensemble of NNs to get a set of predictions to compute 
intervals for our predictions, 


• Will not test: how to compute percentile CIs

fWk

̂y1 = fW1
(x), …, ̂ym = fWm

(x)



Discussion

• Looking at the ensembles 
learned, what can you say? 
Can you hypothesize what 
subset of points were used 
to train the yellow line?


• Why are the lines so much 
more similar for n = 100,  
even though the data is just 
as variable?


• If we had n = 10,000, what 
might you expect to see for 
our ensemble of m = 5?

ax_nn.set_xlabel('x')
ax_nn.set_ylabel('y')
ax_nn.set_ylim([ymin, ymax])

# Plot the bootstrap samples
boot_ind = 0
axsboot[0,i].set_title(f'Resampled dataset (n={n})')
for xb, yb in nn_boots:

ax_boot = axsboot[boot_ind,i]
ax_boot.scatter(xb, yb, color='gray', alpha=0.4, zorder=2)
ax_boot.set_ylim([ymin, ymax])
boot_ind = boot_ind + 1
if boot_ind > 4:

break

plt.tight_layout()
plt.show()

4



Chapter 17: Learning on temporal data
• Understand that data is of the form  where now 

index indicates time: i-1 happened before i, which happened before i+1, etc.  


• Understand that these temporal relationships allow us to mitigate partial 
observability by conditioning on the history rather than just the immediate 
observation: predicting  using  rather than just 


• Understand our two key strategies: 


• conditioning explicitly on the last p points, inputting them into our function (NN)


• using recurrence to incrementally summarize and construct state


• Understand transformers use first approach, but allow for large p by construction

{(x1, y1), (x2, y2), …(xt, yt)}

yt x1, …, xt−1, xt xt



Exercise
• Consider the three NN choices we considered 


• Option 1: stack the last p observations  and input to a standard 
feedfoward NN (e.g., multiple ReLU layers)


• Option 2: use a recurrent neural network (RNN) (e.g., simple single hidden 
recurrent layer with ReLU, or more advanced RNNs like GRU, LSTM)


• Option 3: the last p observations  into a transformer (a particular 
NN architecture)

xt−p, …, xt

xt−p, …, xt



The three architectures

<latexit sha1_base64="zuHAGwio9h3kS1ozUi170azPhus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7AekoWy2m3bpZjfsTsQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBHcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrVlLWpEkr3QmKY4JK1gYNgvUQzEoeCdcPJ7czvPjJtuJIPME1YEJOR5BGnBKzkZ/0wwk/5IIN8UK25dXcOvEq8gtRQgdag+tUfKprGTAIVxBjfcxMIMqKBU8HySj81LCF0QkbMt1SSmJkgm5+c4zOrDHGktC0JeK7+nshIbMw0Dm1nTGBslr2Z+J/npxBdBxmXSQpM0sWiKBUYFJ79j4dcMwpiagmhmttbMR0TTSjYlCo2BG/55VXSuah7jXrj/rLWvCniKKMTdIrOkYeuUBPdoRZqI4oUekav6M0B58V5dz4WrSWnmDlGf+B8/gCLmJFy</latexit>xt

<latexit sha1_base64="flwHT6PubwZrm0iKvC2Nel5iKEI=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVRIfte6KblxWsA9IQ5lMJ+3QSSbM3Agl5DPcuFDErV/jzr9xmkZQ0QMXDufcy733+LHgGmz7wyotLa+srpXXKxubW9s71d29rpaJoqxDpZCq7xPNBI9YBzgI1o8VI6EvWM+fXs/93j1TmsvoDmYx80IyjnjAKQEjuenAD7DOhilkw2rNrp/bzmXDxnbdzpGTpnPqYKdQaqhAe1h9H4wkTUIWARVEa9exY/BSooBTwbLKINEsJnRKxsw1NCIh016an5zhI6OMcCCVqQhwrn6fSEmo9Sz0TWdIYKJ/e3PxL89NIGh6KY/iBFhEF4uCRGCQeP4/HnHFKIiZIYQqbm7FdEIUoWBSqpgQvj7F/5PuSd1p1Bu3Z7XWVRFHGR2gQ3SMHHSBWugGtVEHUSTRA3pCzxZYj9aL9bpoLVnFzD76AevtE7VkkY8=</latexit>st

�
<latexit sha1_base64="GSbb3S4yzDl5YXQFsQHacLzkEkA=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVRLxuSu6cVnBPiAJZTKdtEMnM2HmRiihn+HGhSJu/Rp3/o3TNkIVPXDhcM693HtPlApuwHU/ndLS8srqWnm9srG5tb1T3d1rG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHoZup3Hpg2XMl7GKcsTMhA8phTAlby8yCKcRAxIJNetebW3RnwAjlzvatzD3uFUkMFmr3qR9BXNEuYBCqIMb7nphDmRAOngk0qQWZYSuiIDJhvqSQJM2E+O3mCj6zSx7HStiTgmbo4kZPEmHES2c6EwND89qbiX56fQXwZ5lymGTBJ54viTGBQePo/7nPNKIixJYRqbm/FdEg0oWBTqtgQvj/F/5P2Sd1z697daa1xXcRRRgfoEB0jD12gBrpFTdRCFCn0iJ7RiwPOk/PqvM1bS04xs49+wHn/AjRhkTI=</latexit><latexit sha1_base64="GSbb3S4yzDl5YXQFsQHacLzkEkA=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVRLxuSu6cVnBPiAJZTKdtEMnM2HmRiihn+HGhSJu/Rp3/o3TNkIVPXDhcM693HtPlApuwHU/ndLS8srqWnm9srG5tb1T3d1rG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHoZup3Hpg2XMl7GKcsTMhA8phTAlby8yCKcRAxIJNetebW3RnwAjlzvatzD3uFUkMFmr3qR9BXNEuYBCqIMb7nphDmRAOngk0qQWZYSuiIDJhvqSQJM2E+O3mCj6zSx7HStiTgmbo4kZPEmHES2c6EwND89qbiX56fQXwZ5lymGTBJ54viTGBQePo/7nPNKIixJYRqbm/FdEg0oWBTqtgQvj/F/5P2Sd1z697daa1xXcRRRgfoEB0jD12gBrpFTdRCFCn0iJ7RiwPOk/PqvM1bS04xs49+wHn/AjRhkTI=</latexit><latexit sha1_base64="GSbb3S4yzDl5YXQFsQHacLzkEkA=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVRLxuSu6cVnBPiAJZTKdtEMnM2HmRiihn+HGhSJu/Rp3/o3TNkIVPXDhcM693HtPlApuwHU/ndLS8srqWnm9srG5tb1T3d1rG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHoZup3Hpg2XMl7GKcsTMhA8phTAlby8yCKcRAxIJNetebW3RnwAjlzvatzD3uFUkMFmr3qR9BXNEuYBCqIMb7nphDmRAOngk0qQWZYSuiIDJhvqSQJM2E+O3mCj6zSx7HStiTgmbo4kZPEmHES2c6EwND89qbiX56fQXwZ5lymGTBJ54viTGBQePo/7nPNKIixJYRqbm/FdEg0oWBTqtgQvj/F/5P2Sd1z697daa1xXcRRRgfoEB0jD12gBrpFTdRCFCn0iJ7RiwPOk/PqvM1bS04xs49+wHn/AjRhkTI=</latexit><latexit sha1_base64="GSbb3S4yzDl5YXQFsQHacLzkEkA=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVRLxuSu6cVnBPiAJZTKdtEMnM2HmRiihn+HGhSJu/Rp3/o3TNkIVPXDhcM693HtPlApuwHU/ndLS8srqWnm9srG5tb1T3d1rG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHoZup3Hpg2XMl7GKcsTMhA8phTAlby8yCKcRAxIJNetebW3RnwAjlzvatzD3uFUkMFmr3qR9BXNEuYBCqIMb7nphDmRAOngk0qQWZYSuiIDJhvqSQJM2E+O3mCj6zSx7HStiTgmbo4kZPEmHES2c6EwND89qbiX56fQXwZ5lymGTBJ54viTGBQePo/7nPNKIixJYRqbm/FdEg0oWBTqtgQvj/F/5P2Sd1z697daa1xXcRRRgfoEB0jD12gBrpFTdRCFCn0iJ7RiwPOk/PqvM1bS04xs49+wHn/AjRhkTI=</latexit>

<latexit sha1_base64="Np9CSTYAtKAmNq4ADpPLGzYHSgw=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7AekoWy2m3bpZjfsToQQ8jO8eFDEq7/Gm//GbZuDVh8MPN6bYWZemAhuwHW/nMra+sbmVnW7trO7t39QPzzqGZVqyrpUCaUHITFMcMm6wEGwQaIZiUPB+uHsdu73H5k2XMkHyBIWxGQiecQpASv5wymBPCtGORSjesNtugvgv8QrSQOV6Izqn8OxomnMJFBBjPE9N4EgJxo4FayoDVPDEkJnZMJ8SyWJmQnyxckFPrPKGEdK25KAF+rPiZzExmRxaDtjAlOz6s3F/zw/heg6yLlMUmCSLhdFqcCg8Px/POaaURCZJYRqbm/FdEo0oWBTqtkQvNWX/5LeRdNrNVv3l432TRlHFZ2gU3SOPHSF2ugOdVAXUaTQE3pBrw44z86b875srTjlzDH6BefjGw+2kcg=</latexit>

ŷt
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Exercise
• Consider the weights for our three NN choices we considered 


• Option 1: stack the last p observations  and input to a standard 
feedfoward NN (e.g., multiple ReLU layers)


• Option 2: use a recurrent neural network (RNN) (e.g., simple single hidden 
recurrent layer with ReLU, or more advanced RNNs like GRU, LSTM)


• Option 3: the last p observations  into a transformer (a particular NN 
architecture)


• Q: Does the number of parameters grow with increasing p for the FFNN, the RNN, 
and/or the Transformer?  
How about with increasing observation dimension d? 

xt−p, …, xt
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Exercise
• Consider the weights for our three NN choices we considered 


• Option 1: stack the last p observations  and input to a standard feedfoward 
NN (e.g., multiple ReLU layers)


• Option 2: use a recurrent neural network (RNN) (e.g., simple single hidden recurrent 
layer with ReLU, or more advanced RNNs like GRU, LSTM)


• Option 3: the last p observations  into a transformer (a particular NN 
architecture)


• Q: Does the number of parameters grow with increasing p for the FFNN, the RNN, and/or 
the Transformer? How about with increasing observation dimension d?


• Ans: #parameters grows with increasing d for all three, #parameters grows with 
increasing p for FNN, but not for RNN or Transformer 
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xt−p, …, xt



Exercise
• All of our approaches created a new representation that summarizes the history 


• Option 1: input last p observations  to feedfoward NN produces final 
hidden layer 


• Option 2: Recurrence is a state update function, that provides current compact 
summary of sequence:  


• Option 3: input last p observations  to Tranformer produces  
where we used  as our new representation


• Q: How do we use this new representation? Do we always use it to predict ?

xt−p, …, xt
h(1)

xt−p, …, xt zt−p, …, zt
zt

xt+1



Exercise
• All of our approaches created a new representation that summarizes the history 


• Option 1: input last p observations  to feedfoward NN produces final hidden 
layer 


• Option 2: Recurrence is a state update function, that provides current compact 
summary of sequence:  


• Option 3: input last p observations  to Tranformer produces  where 
we used  as our new representation


• Q: How do we use this new representation? Do we always use it to predict ?


• No. Like any NN, we can use it to predict any target we want. Can predict  or could 
predict something not in the time series, such as a classification target (e.g., does the 
image in a sequence contain a cat or not)

xt−p, …, xt
h(1)
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Chapter 17: Learning on temporal data (cont.)
• Understand all three approaches are trained using gradient descent 

(backprop), but that for an RNN this involves unrolling the recurrence 
(computing the gradients back in time, called backprop through time)


• Understand a predicted sequence can be generated autoregressively: predict 
, then use your own prediction to predict , etc.


• Will not be directly tested  

• The Transformer architecture and any specific RNN architectures


• Do not need to know nuances around training RNNs with backprop, 
including how to pick truncation, how to use mini-batches, etc.

x̂t+1 x̂t+2



Discussion: BPTT for an RNN vs  
backprop for a transformer

• Why don’t we say a transformer is using BPTT? It is also looking at the 
sequence back in time?


• Why might an RNN 
with BPTT be more prone  
to vanishing or exploding 
gradients?


• For a feedforward NN, do 
we use BPTT or standard 
backprop? 
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<latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit>

W
<latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit>

W
<latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit>

W
<latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit>

<latexit sha1_base64="ptp1skuAckcqZP2Xd/LztaH2Tvk=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIglgSkeqx6MVjhX5BG8pmu2mXbjZhdyPUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbm+TFnSjvOt1VYW9/Y3Cpul3Z29/bL9sFhW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5G7mdx6pVCwSTT2NqRfikWABI1gbaWCX074fIJUNUn3RPHezgV1xqs4caJW4OalAjsbA/uoPI5KEVGjCsVI914m1l2KpGeE0K/UTRWNMJnhEe4YKHFLlpfPDM3RqlCEKImlKaDRXf0+kOFRqGvqmM8R6rJa9mfif10t0cOOlTMSJpoIsFgUJRzpCsxTQkElKNJ8agolk5lZExlhiok1WJROCu/zyKmlfVt1atfZwVanf5nEU4RhO4AxcuIY63EMDWkAggWd4hTfryXqx3q2PRWvBymeO4A+szx/wyZKj</latexit>st→T+1
<latexit sha1_base64="E19T6DbXzCpXjlpbnZGq7mNGQOw=">AAAB+HicbVBNS8NAEN34WetHox69LBZBEEtSpHosevFYoV/QhrLZbtqlm03YnQg15Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5fiy4Bsf5ttbWNza3tgs7xd29/YOSfXjU1lGiKGvRSESq6xPNBJesBRwE68aKkdAXrONP7mZ+55EpzSPZhGnMvJCMJA84JWCkgV1K+36AdTZI4bJ5Uc0GdtmpOHPgVeLmpIxyNAb2V38Y0SRkEqggWvdcJwYvJQo4FSwr9hPNYkInZMR6hkoSMu2l88MzfGaUIQ4iZUoCnqu/J1ISaj0NfdMZEhjrZW8m/uf1EghuvJTLOAEm6WJRkAgMEZ6lgIdcMQpiagihiptbMR0TRSiYrIomBHf55VXSrlbcWqX2cFWu3+ZxFNAJOkXnyEXXqI7uUQO1EEUJekav6M16sl6sd+tj0bpm5TPH6A+szx/yTpKk</latexit>st→T+2

�
<latexit sha1_base64="GSbb3S4yzDl5YXQFsQHacLzkEkA=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVRLxuSu6cVnBPiAJZTKdtEMnM2HmRiihn+HGhSJu/Rp3/o3TNkIVPXDhcM693HtPlApuwHU/ndLS8srqWnm9srG5tb1T3d1rG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHoZup3Hpg2XMl7GKcsTMhA8phTAlby8yCKcRAxIJNetebW3RnwAjlzvatzD3uFUkMFmr3qR9BXNEuYBCqIMb7nphDmRAOngk0qQWZYSuiIDJhvqSQJM2E+O3mCj6zSx7HStiTgmbo4kZPEmHES2c6EwND89qbiX56fQXwZ5lymGTBJ54viTGBQePo/7nPNKIixJYRqbm/FdEg0oWBTqtgQvj/F/5P2Sd1z697daa1xXcRRRgfoEB0jD12gBrpFTdRCFCn0iJ7RiwPOk/PqvM1bS04xs49+wHn/AjRhkTI=</latexit><latexit sha1_base64="GSbb3S4yzDl5YXQFsQHacLzkEkA=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVRLxuSu6cVnBPiAJZTKdtEMnM2HmRiihn+HGhSJu/Rp3/o3TNkIVPXDhcM693HtPlApuwHU/ndLS8srqWnm9srG5tb1T3d1rG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHoZup3Hpg2XMl7GKcsTMhA8phTAlby8yCKcRAxIJNetebW3RnwAjlzvatzD3uFUkMFmr3qR9BXNEuYBCqIMb7nphDmRAOngk0qQWZYSuiIDJhvqSQJM2E+O3mCj6zSx7HStiTgmbo4kZPEmHES2c6EwND89qbiX56fQXwZ5lymGTBJ54viTGBQePo/7nPNKIixJYRqbm/FdEg0oWBTqtgQvj/F/5P2Sd1z697daa1xXcRRRgfoEB0jD12gBrpFTdRCFCn0iJ7RiwPOk/PqvM1bS04xs49+wHn/AjRhkTI=</latexit><latexit sha1_base64="GSbb3S4yzDl5YXQFsQHacLzkEkA=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVRLxuSu6cVnBPiAJZTKdtEMnM2HmRiihn+HGhSJu/Rp3/o3TNkIVPXDhcM693HtPlApuwHU/ndLS8srqWnm9srG5tb1T3d1rG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHoZup3Hpg2XMl7GKcsTMhA8phTAlby8yCKcRAxIJNetebW3RnwAjlzvatzD3uFUkMFmr3qR9BXNEuYBCqIMb7nphDmRAOngk0qQWZYSuiIDJhvqSQJM2E+O3mCj6zSx7HStiTgmbo4kZPEmHES2c6EwND89qbiX56fQXwZ5lymGTBJ54viTGBQePo/7nPNKIixJYRqbm/FdEg0oWBTqtgQvj/F/5P2Sd1z697daa1xXcRRRgfoEB0jD12gBrpFTdRCFCn0iJ7RiwPOk/PqvM1bS04xs49+wHn/AjRhkTI=</latexit><latexit sha1_base64="GSbb3S4yzDl5YXQFsQHacLzkEkA=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVRLxuSu6cVnBPiAJZTKdtEMnM2HmRiihn+HGhSJu/Rp3/o3TNkIVPXDhcM693HtPlApuwHU/ndLS8srqWnm9srG5tb1T3d1rG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHoZup3Hpg2XMl7GKcsTMhA8phTAlby8yCKcRAxIJNetebW3RnwAjlzvatzD3uFUkMFmr3qR9BXNEuYBCqIMb7nphDmRAOngk0qQWZYSuiIDJhvqSQJM2E+O3mCj6zSx7HStiTgmbo4kZPEmHES2c6EwND89qbiX56fQXwZ5lymGTBJ54viTGBQePo/7nPNKIixJYRqbm/FdEg0oWBTqtgQvj/F/5P2Sd1z697daa1xXcRRRgfoEB0jD12gBrpFTdRCFCn0iJ7RiwPOk/PqvM1bS04xs49+wHn/AjRhkTI=</latexit>

<latexit sha1_base64="QYsha+DAPI5iioCuBf6qAsosAe4=">AAACAHicdZDLSgMxFIYz9VbrbdSFCzfBIrixzEit7a7oxmUFe4FOKZk004ZmLiRnhGE6G1/FjQtF3PoY7nwb04ugogdCfr7/HJLzu5HgCizrw8gtLa+sruXXCxubW9s75u5eS4WxpKxJQxHKjksUEzxgTeAgWCeSjPiuYG13fDX123dMKh4Gt5BErOeTYcA9Tglo1DcPnIkzIpAmWT+F7HRxO5O+WbRK55Zdq1SwVbIsu1y1tajVqhpiW5NpFdGiGn3z3RmENPZZAFQQpbq2FUEvJRI4FSwrOLFiEaFjMmRdLQPiM9VLZwtk+FiTAfZCqU8AeEa/T6TEVyrxXd3pExip394U/uV1Y/CqvZQHUQwsoPOHvFhgCPE0DTzgklEQiRaESq7/iumISEJBZ1bQIXxtiv8XrbOSXSlVbsrF+uUijjw6REfoBNnoAtXRNWqgJqIoQw/oCT0b98aj8WK8zltzxmJmH/0o4+0TvQeX0w==</latexit>

→ŷt ↑ yt→

<latexit sha1_base64="Np9CSTYAtKAmNq4ADpPLGzYHSgw=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7AekoWy2m3bpZjfsToQQ8jO8eFDEq7/Gm//GbZuDVh8MPN6bYWZemAhuwHW/nMra+sbmVnW7trO7t39QPzzqGZVqyrpUCaUHITFMcMm6wEGwQaIZiUPB+uHsdu73H5k2XMkHyBIWxGQiecQpASv5wymBPCtGORSjesNtugvgv8QrSQOV6Izqn8OxomnMJFBBjPE9N4EgJxo4FayoDVPDEkJnZMJ8SyWJmQnyxckFPrPKGEdK25KAF+rPiZzExmRxaDtjAlOz6s3F/zw/heg6yLlMUmCSLhdFqcCg8Px/POaaURCZJYRqbm/FdEo0oWBTqtkQvNWX/5LeRdNrNVv3l432TRlHFZ2gU3SOPHSF2ugOdVAXUaTQE3pBrw44z86b875srTjlzDH6BefjGw+2kcg=</latexit>

ŷt

<latexit sha1_base64="bClGyAdOD/ZwITQhj8NvPX/S5CY=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiCGJJRKrLohuXFfqCNoTJdNIOnTyYmYglZuGvuHGhiFt/w51/46TtQlsPDBzOuZd75ngxZ1JZ1rdRWFpeWV0rrpc2Nre2d8zdvZaMEkFok0Q8Eh0PS8pZSJuKKU47saA48Dhte6Ob3G/fUyFZFDbUOKZOgAch8xnBSkuuedALsBp6fvqQualCZ6iBTpGduWbZqlgToEViz0gZZqi75levH5EkoKEiHEvZta1YOSkWihFOs1IvkTTGZIQHtKtpiAMqnXSSP0PHWukjPxL6hQpN1N8bKQ6kHAeenszTynkvF//zuonyr5yUhXGiaEimh/yEIxWhvAzUZ4ISxceaYCKYzorIEAtMlK6spEuw57+8SFrnFbtaqd5dlGvXszqKcAhHcAI2XEINbqEOTSDwCM/wCm/Gk/FivBsf09GCMdvZhz8wPn8ARG2U+A==</latexit>xt→T+1
<latexit sha1_base64="una7PtJxnk7tA5ZB7MEqC4YWqRE=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFSYxre2u4MZlBfuANJTJdNIOnWTCzEQsoZ/hxoUibv0ad/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjjhKZJLRNBBeyF2JFOUtoWzPNaS+VFMchp91wcjX3u3dUKiaSWz1NaRDjUcIiRrA2kp/3wwjezwa5MxuUK8huNJDnVSGyq8h13boh6MKtNxzo2GiBClihNSi/94eCZDFNNOFYKd9BqQ5yLDUjnM5K/UzRFJMJHlHf0ATHVAX54uQZPDPKEEZCmko0XKjfJ3IcKzWNQ9MZYz1Wv725+JfnZzqqBzlL0kzThCwXRRmHWsD5/3DIJCWaTw3BRDJzKyRjLDHRJqWSCeHrU/g/6bi2U7NrN16l6a3iKIITcArOgQMuQRNcgxZoAwIEeABP4NnS1qP1Yr0uWwvWauYY/ID19gmLeJFq</latexit>x1

<latexit sha1_base64="TDKa3dg3OFl2AkSaXiNvxDhc0Yw=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjJDW9tdwY3LCvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6N6UNQ0QMXDufcy733RCln2iD04RQ2Nre2d4q7pb39g8Oj8vFJV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+aXi/83j1VmklxZ2YpDRM8FixmBBsrBfkgiqGeD3M0H5YryEV+o1b1IXL9Gmp6TUtqyGvWq9Bz0RIVsEZ7WH4fjCTJEioM4VjrwEOpCXOsDCOczkuDTNMUkyke08BSgROqw3x58hxeWGUEY6lsCQOX6veJHCdaz5LIdibYTPRvbyH+5QWZiRthzkSaGSrIalGccWgkXPwPR0xRYvjMEkwUs7dCMsEKE2NTKtkQvj6F/5Ou73p1t35brbQa6ziK4Aycg0vggSvQAjegDTqAAAkewBN4dozz6Lw4r6vWgrOeOQU/4Lx9AoGEkWc=</latexit>s0
<latexit sha1_base64="igM66wqqvBSwkF18CwSrbDTiSvU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpKI1C4LblxW6AvaECbTSTt0Mgkzk0IJ+RM3LhRx65+482+ctllo64GBwzn3cs+cIOFMacf5tkpb2zu7e+X9ysHh0fGJfXrWVXEqCe2QmMeyH2BFORO0o5nmtJ9IiqOA014wfVj4vRmVisWirecJ9SI8FixkBGsj+bY9jLCeBGGmcj/TN+3ct6tOzVkCbRK3IFUo0PLtr+EoJmlEhSYcKzVwnUR7GZaaEU7zyjBVNMFkisd0YKjAEVVetkyeoyujjFAYS/OERkv190aGI6XmUWAmFznVurcQ//MGqQ4bXsZEkmoqyOpQmHKkY7SoAY2YpETzuSGYSGayIjLBEhNtyqqYEtz1L2+S7m3NrdfqT3fVZqOoowwXcAnX4MI9NOERWtABAjN4hld4szLrxXq3PlajJavYOYc/sD5/AOaIk9E=</latexit>st→T

<latexit sha1_base64="FeQlrmPmP/2vSfAbsWCCmRqf7Ek=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbArEnMMePEYwTwgWcLsZDYZMvtwpjcQlv0OLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/W4WNza3tneJuaW//4PCofHzS1lGiGG+xSEaq61HNpQh5CwVK3o0Vp4Eneceb3M39zpQrLaLwEWcxdwM6CoUvGEUjuWnf84nOBileOdmgXLGr9gJknTg5qUCO5qD81R9GLAl4iExSrXuOHaObUoWCSZ6V+onmMWUTOuI9Q0MacO2mi6MzcmGUIfEjZSpEslB/T6Q00HoWeKYzoDjWq95c/M/rJejX3VSEcYI8ZMtFfiIJRmSeABkKxRnKmSGUKWFuJWxMFWVociqZEJzVl9dJ+7rq1Kq1h5tKo57HUYQzOIdLcOAWGnAPTWgBgyd4hld4s6bWi/VufSxbC1Y+cwp/YH3+AGHnkdU=</latexit>st→1
<latexit sha1_base64="7lKpLWui+liiWr4/gll4OQ+/L8U=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQuKj1l3BjcsK9gFpKJPppB06mYSZG6GEfIYbF4q49Wvc+TdO0wgqeuDC4Zx7ufeeIBFcg+N8WEvLK6tr65WN6ubW9s5ubW+/q+NUUdahsYhVPyCaCS5ZBzgI1k8UI1EgWC+YXs/93j1TmsfyDmYJ8yMyljzklICRvGwQhFjnwwzyYa3u2BeOe9VwsGM7BQrSdM9c7JZKHZVoD2vvg1FM04hJoIJo7blOAn5GFHAqWF4dpJolhE7JmHmGShIx7WfFyTk+NsoIh7EyJQEX6veJjERaz6LAdEYEJvq3Nxf/8rwUwqafcZmkwCRdLApTgSHG8//xiCtGQcwMIVRxcyumE6IIBZNS1YTw9Sn+n3RPbbdhN27P661mGUcFHaIjdIJcdIla6Aa1UQdRFKMH9ISeLbAerRfrddG6ZJUzB+gHrLdPsmKRhQ==</latexit>st



Chapter 18: Gen error beyond iid

• Entire chapter will not be tested


